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Abstract. We define a functor C�c from simplicial sets to categories enriched

over cubical sets with connections which, after triangulating mapping spaces,
induces Lurie’s rigidification functor C which associates a simplicial category

to any simplicial set. We prove that taking normalized chains on the mapping

spaces of C�c yields a functor Λ from simplicial sets to differential graded cate-
gories which is left adjoint to the differential graded nerve functor. Furthermore,

we show that for any pointed connected topological space (X, b), the differen-

tial graded associative algebra Λ(Sing(X, b))(b, b) models the based loop space
of X at b, where Sing(X, b) is the 0-reduced singular simplicial set of X. We

show Λ(Sing(X, b))(b, b) is isomorphic to the cobar construction of the differen-

tial graded coassociative algebra of normalized chains in X, extending Adams’
original result to possible non-simply connected spaces.

1. Introduction

In order to compare two different models for ∞-categories, Lurie constructs in
[Lur09] a rigidification functor C : Set∆ → Cat∆, where Set∆ denotes the category
of simplicial sets and Cat∆ the category of simplicial categories (categories enriched
over simplicial sets). For a standard n-simplex ∆n the simplicial category C(∆n)
has the set [n] = {0, 1, ..., n} as objects and for any i, j ∈ [n] with i ≤ j the map-
ping space C(∆n)(i, j) is isomorphic to the simplicial cube (∆1)×j−i−1. In particular
C(∆n)(0, n) ∼= (∆1)×n−1 and we think of this simplicial (n− 1)-cube as parametriz-
ing a family of paths in ∆n from 0 to n. Adams described in [Ada52] an algebraic
construction, called the cobar construction, which when applied to a suitable differ-
ential graded coassociative coalgebra model of a simply connected space X produces
a differential graded associative algebra (dga) model for the based loop space of X.
Adams’ construction is based on certain geometric maps θn : In−1 → P0,n|∆n|,
where P0,n|∆n| is the space of paths in the topological n-simplex |∆n| from vertex
0 to vertex n, satisfying a compatibility equation that relates the cubical boundary
to the simplicial face maps and the Alexander-Whitney coproduct. The definition of
C(∆n)(0, n) resembles the construction of Adams’ maps θn.

In this article we describe explicitly the relationship between Lurie’s functor C and
Adams’ cobar construction. To achieve this, we factor the functor C through a func-
tor C�c from simplicial sets to categories enriched over cubical sets with connections.
We show that the functor Λ from simplicial sets to dg-categories defined by applying
the normalized chains functor to the mapping spaces of C�c is the left adjoint of
the differential graded nerve functor described in [Lur11]. Furthermore, when Λ is
applied to Sing(X, b), the 0-reduced simplicial set of a pointed connected topological
space (X, b) consisting of singular simplices on X with vertices at b, we obtain a
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dga weakly equivalent to the dga of singular chains on ΩbX, the Moore based loop
space of X at b. Moreover, we prove Λ(Sing(X, b))(b, b) is isomorphic to the cobar
construction of the differential graded coassociative coalgebra of normalized chains
on Sing(X, b). These statements do not assume X is simply connected and therefore
extend Adams’ original result.

The functor C is first defined on standard simplices and then extended to general
simplicial sets as a left Kan extension. For any simplicial set S, Dugger and Spivak
computed in [DS11] the mapping spaces C(S)(x, y) in terms of necklaces. A necklace
is a simplicial set of the form T = ∆n1∨...∨∆nk ; a necklace in S from x to y is a map
of simplicial sets f : T → S, where T is a necklace, and f sends the first vertex of T
to x and the last vertex of T to y. For any necklace T one may associate functorially
a simplicial cube C(T ) and one of the main results in [DS11] is that C(S)(x, y) is
isomorphic to the colimit of the simplicial sets C(T ) over necklaces T in S from x
to y. It is tempting to replace the simplicial cubes C(T ) with standard cubical sets
of the same dimension to obtain a cubical version of C. However, there are certain
maps between necklaces that do not correspond to cubical maps. For example the
codegeneracy map s1 : ∆3 → ∆2 which collapses the edge [12] in ∆3 yields a map
between simplicial cubes C(s1) : C(∆3) → C(∆2) which does not correspond to a
codegeneracy map between standard cubical sets. Nonetheless, C(s1) corresponds
to a co-connection morphism, whose definition is recalled in Section 2. Cubical sets
with connections were introduced in [BH81] and can be thought of as cubical sets
with extra degeneracies. In Section 3 we describe explicitly the morphisms in the
category of necklaces and then in Section 4 we explain how cubical sets with connec-
tions arise naturally from necklaces. We use the results in Sections 3 and 4 and the
description of C(S)(x, y) in terms of necklaces to define C�c in Section 5. In Section
6 we explain how C�c gives rise to the functor Λ which is the left adjoint of the dg
nerve functor. Finally, in Section 7 we describe how Λ produces a dga model for the
based loop space of a connected topological space and how it relates to the cobar
construction.

We have a Quillen equivalence between model categories given by C : Set∆ →
Cat∆ and the homotopy coherent nerve N∆ : Cat∆ → Set∆, where Set∆ is endowed
with the Joyal model structure and Cat∆ with the Bergner model structure. These
are model structures such that the fibrant objects are models for ∞-categories. It
follows from [Cis06] and [Mal09] that the category of cubical sets with connections
is the category of presheaves over a test category and therefore it admits model
category structure making it a model for homotopy types. This implies that there is
a model category structure on categories enriched over cubical sets with connections
making it a model for ∞-categories. In order to show C�c is part of a Quillen
equivalence, a more concrete study of the model structure given by the main result
of [Cis06] on cubical sets with connection is needed. Namely, we must show that the
triangulation functor from cubical sets with connections (with the model structure
obtained from [Cis06]) to simplicial sets (with Quillen model structure) together
with the cubical singular functor with connections going in the other direction give
a Quillen equivalence. This should follow from arguments similar to those in [Jar06]
and we will take this up in subsequent work.
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2. Preliminaries

Denote by Set the category of sets. For any small category C denote by SetC
the category of presheaves on C with values in Set, so the objects of SetC are func-
tors Cop → Set and morphisms are natural transformations between them. For
example, if ∆ is the category of non-empty finite ordinals with order preserving
maps then Set∆ is the category of simplicial sets. We denote by ∆n the stan-
dard n-simplex, so ∆n is obtained by applying the Yoneda emedding to [n], namely
∆n : [m] 7→ Hom∆([m], [n]). Recall that morphisms in the category ∆ are generated
by functions of two types: cofaces di : [n]→ [n+ 1], 0 ≤ i ≤ n+ 1, and codegenera-
cies sj : [n] → [n − 1], 0 ≤ j ≤ n − 1. The Yoneda embedding yields simplicial set
morphisms between standard simplices Y (di) : ∆n → ∆n+1 and Y (sj) : ∆n → ∆n−1

which we call coface and codegeneracy (simplicial) morphisms. We say a simplicial
set S is 0-reduced if the set S0 is a singleton.

For any positive integer n, let 1n be the n-fold cartesian product of copies of the
category 1 = {0, 1} which has two objects and one non-identity morphism. Denote
by 10 the category with one object and one morphism. We will consider presheaves
over the category �c which is defined as follows. The objects of �c are the categories
1n for n = 0, 1, 2, .... The morphisms in �c are generated by functors of the following
three kinds:
cubical co-face functors δεj,n : 1n → 1n+1, where j = 0, 1, ..., n + 1, and ε ∈ {0, 1},
defined by

δεj,n(s1, ..., sn) = (s1, ..., sj−1, ε, sj , ..., sn),

cubical co-degeneracy functors εj,n : 1n → 1n−1, where j = 1, ..., n, defined by

εj,n(s1, ..., sn) = (s1, ..., sj−1, sj+1, ..., sn), and

cubical co-connection functors γj,n : 1n → 1n−1, where j = 1, ..., n−1, n ≥ 2, defined
by

γj,n(s1, ..., sn) = (s1, ..., si−1,max(si, si+1), si+2, ..., sn).

Objects in the category Set�c are called cubical sets with connections and were in-
troduced by Brown and Higgins in [BH81]. For any cubical set with connections K
we have a collection of sets {Kn := K(1n)}n∈Z≥0

together with cubical face maps
∂εj,n := K(δεj,n) : Kn+1 → Kn, cubical degeneracy maps Ej,n := K(εj,n) : Kn−1 →
Kn, and connections Γj,n := K(γj,n) : Kn−1 → Kn. For simplicity we often drop the
second index in this notation and for example write ∂j instead of ∂j,n. Elements of
Kn are called n-cells. The structure maps satisfy certain compatibilities described in
[BH81]. The standard n-cube with connections �nc is the presheaf on �c represented
by 1n, namely Hom�c( ,1n) : �opc → Set.

For a fixed commutative unital ring k denote by Chk the category of positively
graded chain complexes over k. The tensor product over k defines on Chk a sym-
metric monoidal structure. We have normalized Moore chains functors Q∆ : Set∆ →
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Chk and Q�c : Set�c → Chk. The definition of Q∆ is standard; we recall the defini-
tion of Q�c . First let C∗K be the chain complex such that CnK is the free k-module
generated by elements of Kn with differential ∂ : Kn → Kn−1 defined on σ ∈ Kn

by ∂(σ) :=
∑n
j+1(−1)j(∂1

j,n−1(σ)− ∂0
j,n−1(σ)). Let DnK be the submodule of CnK

which is generated by those cells in Kn which are the image of a degeneracy or of
a connection map Kn−1 → Kn. The graded module D∗K forms a subcomplex of
C∗K. Define Q�c(K) to be the quotient chain complex C∗K/D∗K.

The category Set∆ has a symmetric monoidal structure given by the cartesian
product of simplicial sets. We will use the following (non-symmetric) monoidal struc-
ture on Set�c : for cubical sets with connections K and K ′ define

K ⊗K ′ := colim
σ:�nc→K,τ :�nc→K′

�n+m
c .

Using the above monoidal structures we may define Cat∆ the category of small
categories enriched over simplicial sets; these are called simplicial categories. Sim-
ilarly denote by Cat�c the category of small categories enriched over cubical sets
with connections; these are called cubical categories with connections. We will also
consider the category dgCatk of small categories enriched over chain complexes over
k; these are called dg categories.

3. The category of necklaces

A necklace T is a simplicial set of the form T = ∆n1 ∨ ... ∨ ∆nk where ni ≥ 0.
A morphism f : T → T ′ of necklaces is a map of simplicial sets which preserves the
first and last vertices. We say a necklace ∆n1 ∨ ...∨∆nk is of preferred form if k = 0
or each ni ≥ 1. Let T = ∆n1 ∨ ... ∨∆nk be a necklace in preferred form. Each ∆ni

is called a bead of T . Denote by bT the number of beads in T . A joint of T is either
an initial or a final vertex in some bead. Given a necklace T write VT and JT for
the sets of vertices and joints of T , respectively. For any two vertices a, b ∈ VT we
write VT (a, b) and JT (a, b) for the set of vertices and joints between a and b inclusive.
Note that there is a unique subnecklace T (a, b) ⊆ T with joints JT (a, b) and vertices
VT (a, b). Denote by Nec the category whose objects are necklaces in preferred form
and morphisms are morphisms of necklaces. Note that Nec is a full subcategory of
Set∗,∗∆ = ∂∆1 ↓ Set∆.

Proposition 3.1. Any non-identity morphism in Nec is a composition of morphisms
of the following type

(i) f : T → T ′ is an injective morphism of necklaces and |VT ′ − JT ′ | − |VT − JT | = 1

(ii) f : ∆n1 ∨ ... ∨∆nk → ∆m1 ∨ ... ∨∆mk is a morphism of necklaces of the form
f = f1 ∨ ... ∨ fk such that for exactly one p, fp : ∆np → ∆mp is a codegeneracy
morphism (so mp = np− 1) and for all i 6= p, fi : ∆ni → ∆mi is the identity map of
standard simplices (so ni = mi for i 6= p)

(iii) f : ∆n1∨...∨∆np−1∨∆1∨∆np+1∨...∨∆nk → ∆n1∨...∨∆np−1∨∆np+1∨...∨∆nk

is a morphism of necklaces such that f collapses the p-th bead ∆1 in the domain to
the last vertex of the (p − 1)-th bead in the target and the restriction of f to all the
other beads is injective.
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Proof. We prove that any non-identity morphism of necklaces f : T → T ′ is a
composition of morphisms of type (i), (ii), and (iii) by induction on bT , the number
of beads of T . If bT = 1, then we must have bT ′ = 1 as well, so f is a morphism of
simplicial sets between standard simplices which preserves first and last vertices. It
follows that f is a composition of (simplicial) coface and codegeneracy morphisms.
Cofaces and codegeneracies between standard simplices are morphisms of necklaces of
type (i) and of type (ii) or (iii), respectively. Assume we have shown the proposition
for bT ≤ k and suppose bT = k + 1. Let VT = {x0, ..., xp} be the vertices of T and
xi � xi+1. Let xj0 be the last vertex of the first bead of T , so T = T (x0, xj0) ∨
T (xj0 , xp) where T (x0, xj0) has one bead and T (xj0 , xp) has k beads. Let Tf =
T ′(f(x0), f(xj0)) ∨ T ′(f(xj0), f(xp)). We have an injective morphism of necklaces
t : Tf → T ′ (notice that it is possible for Tf 6= T ′ since f(xj0) might not be a
joint of T ′). It follows that f = t ◦ (g ∨ h) where g : T (x0, xj0) → T ′(f(x0), f(xj0))
and h : T (xj0 , xp) → T ′(f(xj0), f(xp)) are the morphisms of necklaces induced by
restricting f to T (x0, xj0) and T (xj0 , xp) respectively. By the induction hypothesis
each of g and h is a composition of morphisms of type (i), (ii), and (iii) and this
implies that g ∨ h is a composition of such morphisms as well. In fact, we have

g ∨ h = (idT ′(f(x0),f(xj0 )) ∨ h) ◦ (g ∨ idT (xj0 ,xp))

and, clearly, the wedge of an identity morphism and a morphism which is a compo-
sition of morphisms of type (i), (ii), and (iii) is again a morphism of such form.

To conclude the proof we show that t : Tf → T ′ is of the desired form. More
generally, let us prove that any non-identity injective morphism of necklaces t :
R → R′ is a composition of morphisms of type (i) by induction on the integer
l(R,R′) := |VR′ − JR′ | − |VR − JR|. If l(R,R′) = 1 then t is of type (i). Assume
we have shown the claim for l(R,R′) = k. Suppose t : R → R′ is injective and
l(R,R′) = k + 1, then we have two cases: either (a) JR′ = t(JR) or (b) JR′ ⊂ t(JR).
In case (a), it follows that both R and R′ have the same number of beads, thus
t = i ◦ j for inclusions of necklaces j : R→ S, i : S → R′ where S is the subnecklace
of R′ spanned by t(VR)∪{v} and v is the smallest element of VR′−t(VR). Then j is of
type (i) and i is a composition of morphisms of type (i) by the induction hypothesis.
For case (b), let t(JR)−JR′ = {t(xi1), ..., t(xin)} and consider the unique subnecklace
S of R′ defined by VS = t(VR) and JS = t(JR)−{t(xi1)}. Then we have t = i ◦ j for
inclusions of necklaces j : R → S, i : S → R′ with j of type (i) and i a composition
of type (i) morphisms by the induction hypothesis. �

Remark 3.2. Let us consider type (i) morphisms of the form f : T → ∆p for
some integer p ≥ 1. If bT = 1 then we have an injective map of simplicial sets
f : ∆p−1 → ∆p which sends the first (resp. last) vertex of ∆p−1 to the first (resp.
last) vertex of ∆p. The morphism f determines a (p−1)-simplex of the simplicial set
∆p, i.e. an element of (∆p)p−1. There are p+1 non-degenerate elements in (∆p)p−1,
however only p− 1 of these can correspond to f based on the constraint that f must
preserve first and last vertices, namely, all the faces of the unique non-degenerate
element in (∆p)p except the first and last. If bT > 1 then there is a joint v ∈ JT
such that f(v) 6∈ JT ′ . Moreover, since f is injective and |VT ′ − JT ′ | − |VT − JT | = 1,
we have f(JT − {v}) = J ′T and f(VT ) = VT ′ . It follows that bT = 2 and the
image of f is a subnecklace T ′1 ∨ T ′2 of ∆p starting and ending with the first and
last vertices of ∆p, respectively, and containing all the vertices of ∆p. Hence, we
have T ′1 ∨ T ′2 = ∆p−i ∨∆i for some 0 < i < p and each of these subnecklaces of ∆p
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corresponds to a unique term in the formula for the Alexander-Whitney diagonal
Q∆(∆p) → Q∆(∆p) ⊗ Q∆(∆p) applied to the generator represented by the unique
non-degenerate p-simplex in (∆p)p.

4. The functor C�c : Nec→ Set�c

The goal of this section is to define a functor C�c : Nec → Set�c . We start
by defining a functor P : Nec→ Cat where Cat is the category of small categories.
Given a necklace T and two vertices a, b ∈ VT we may define a small category PT (a, b)
whose objects are subsets X ⊆ VT (a, b) such that JT (a, b) ⊆ X and morphisms are
inclusions of sets. For any necklace T ∈ Nec let P (T ) = PT (α, ω) where α, ω ∈ VT
are the first and last vertices of T . Let f : T → T ′ be a morphism in Nec, so f is
a map of simplicial sets such that f(α) = α′ and f(ω) = ω′ where α, ω ∈ VT and
α′, ω′ ∈ VT ′ are the first and last vertices of T and T ′, respectively. Notice that we
have an inclusion JT ′ ⊆ f(JT ). Thus f induces a functor Pf : PT (α, ω)→ PT ′(α

′, ω′)
defined on objects by Pf (X) = f(X) and on morphisms by the induced inclusion of
sets. This yields a functor P : Nec → Cat. We might think of the objects of P (T )
as strings of 0’s and 1’s as discussed below. This interpretation will yield a functor
P1 which is naturally isomorphic to P . We define a total order on the vertices of a
necklace by setting a � b if there is a directed path from a to b.

Proposition 4.1. For any necklace T and any a, b ∈ VT such that a � b, there is
an isomorphism of categories φT : PT (a, b) ∼= 1N where N = |VT (a, b)− JT (a, b)|.

Proof. Let VT (a, b) − JT (a, b) = {y1, ..., yN} and yi � yi+1 for i = 1, ..., N − 1.
Given any object X of PT (a, b) (so JT (a, b) ⊆ X ⊆ VT (a, b)) we define φT (X) :=
(φ1
T (X), ..., φNT (X)) to be the object in the category 1N where, for 1 ≤ i ≤ N , we

have φiT (X) = 1 if yi ∈ X and φiT (X) = 0 if yi 6∈ X. Given a morphism f : X → Y
in PT (a, b) (so f is an inclusion of sets) we have an induced morphism φT (f) :
φT (X) → φT (Y ) defined by φT (f) := (φ1

T (f), ..., φNT (f)) where, for 1 ≤ i ≤ N ,
φiT (f) : φiT (X) → φiT (Y ) is the unique non-identity morphism in 1 if φiT (X) = 0
and φiT (Y ) = 1, and φiT (f) is an identity morphism otherwise. It is clear that the
functor φT : PT (a, b)→ 1N is an isomorphism of categories. �

Consider the functor P1 : Nec → Cat defined on objects by P1(T ) = 1|VT−JT |

and on morphisms f : T → T ′ by P1(f) = φT ′ ◦ P (f) ◦ φ−1
T : 1|VT−JT | → 1|VT ′−JT ′ |.

The above proposition implies that P1 is naturally isomorphic to P . In the following
proposition we describe explicitly the functor P1(f) for morphisms f : T → T ′ of
type (i), (ii), and (iii).

Proposition 4.2. Let f : T → T ′ be a morphism in Nec and let N = |VT − JT |.
(1) If f is of type (i) then P1(f) : 1N → 1N+1 is a cubical co-face functor.
(2) If f is of type (ii) then P1(f) : 1N → 1N−1 is either a cubical co-connection

functor or a cubical co-degeneracy functor.
(3) If f is of type (iii) then P1(f) : 1N → 1N is the identity functor.

Proof. For any morphism of necklaces f : T → T ′ we have JT ′ ⊆ f(JT ). For
f : T → T ′ of type (i) we prove below that if JT ′ ⊂ f(JT ) then P1(T )(f) is a cubical
co-face functor δ1

j,N and if JT ′ = f(JT ) then P1(T )(f) is a cubical co-face functor

δ0
j,N . A morphism f : T → T ′ of type (ii) collapses two vertices v and w of T into a

vertex v′ of T ′ and is injective on VT −{v, w}. We prove below that if v′ 6∈ JT ′ then
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P1(T )(f) is a cubical co-connection functor γj,N and if v′ ∈ JT ′ then P1(T )(f) is a
cubical co-degeneracy functor εj,N . The proof for the third part of the proposition
will be straightforward.

(1) Let f : T → T ′ be of type (i) and write {y′1, ..., y′N+1} = VT ′ − JT ′ where
y′i � y′i+1. We have JT ′ ⊆ f(JT ) since f is a morphism of necklaces. If
JT ′ ⊂ f(JT ) then there is v ∈ JT such that f(v) = y′j ∈ VT ′ − JT ′ for
some j ∈ {1, ..., N + 1} and f(JT − {v}) ⊆ J ′T . Then for any object X in
P (T ), v ∈ JT ⊆ X so yj = f(v) ∈ f(X). Using the fact that f is injective
and identifying objects X in P (T ) with sequences of 0’s and 1’s via the
isomorphism φT : P (T ) ∼= 1N we see that P1(f) : 1N → 1N+1 is given on
objects by

P1(f)(s1, ..., sN ) = (s1, ...., sj−1, 1, sj , ..., sN )

and on morphisms λ = (λ1, ..., λN ) : (s1, ..., sN )→ (s′1, ..., s
′
N ) by

P1(f)(λ) = (λ1, ..., λj−1, id1, λj , ..., λN ).

Thus P1(f) is the cubical co-face functor δ1
j,N .

If JT ′ = f(JT ) then there exists exactly one j ∈ {1, ..., N + 1} such that
f−1(y′j) = ∅. Then for any object X in P (T ), y′j will never be an element of
f(X). Using the fact that f is injective and identifying objects X in P (T )
with sequences of 0’s and 1’s via the isomorphism φT : P (T ) ∼= 1N we see
that P1(f) : 1N → 1N+1 is given on objects by

P1(f)(s1, ..., sN ) = (s1, ...., sj−1, 0, sj , ..., sN )

and on morphisms λ = (λ1, ..., λN ) : (s1, ..., sN )→ (s′1, ..., s
′
N ) by

P1(f)(λ) = (λ1, ..., λj−1, id0, λj , ..., λN ).

It follows that P1(f) is the cubical co-face functor δ0
j,N .

(2) Let f : T → T ′ be of type (ii) and write {y1, ..., yN} = VT − JT where
yi � yi+1 and {y′1, ..., y′N−1} = VT ′ − JT ′ where y′i � y′i+1. There exists

v′ ∈ VT ′ such that f−1(v′) = {v, w} for some v, w ∈ VT and |f−1(x′)| = 1
for all x′ ∈ VT ′ − {v′}. Note that v and w are consecutive vertices in the
p-th bead of T . We have two cases: either v′ ∈ VT ′ − JT ′ or v′ ∈ JT ′ .

If v′ ∈ VT ′ − JT ′ , then v, w ∈ VT − JT so we may write v = yj and w = yj+1

for some j ∈ {1, ..., N − 1}. Hence, for any object X of P (T ) we have that if
X ∩{yj , yj+1} 6= ∅ then v′ ∈ f(X) and if X ∩{yj , yj+1} = ∅ then v′ 6∈ f(X).
By identifying objects X in P (T ) with sequences of 0’s and 1’s via the iso-
morphism φT : P (T ) ∼= 1N we see that P1(f) : 1N → 1N−1 is given on
objects by

P1(f)(s1, ..., sN ) = (s1, ....sj−1,max(sj , sj+1), sj+2, ..., sN )

and on morphisms λ = (λ1, ..., λN ) : (s1, ..., sN )→ (s′1, ..., s
′
N ) by

P1(f)(λ) = (λ1, ..., λj−1, σj,j+1, λj+2, ..., λN ),

where σj,j+1 is the unique morphism max(sj , sj+1) → max(s′j , s
′
j+1) in the

category 1. It follows that P1(f) is the cubical co-connection functor γj,N .

If v′ ∈ JT ′ , we may assume without loss of generality that w ∈ JT and
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v = yj ∈ VT − JT for some j ∈ {1, ..., N}. Let X be any object of P (T ).
Every element of X − {yj} corresponds to a unique element in f(X) via
P (f) (since f is of type (ii)) and if yj ∈ X then P (f) sends yj to the joint
v′ ∈ f(X). By identifying objects X in P (T ) with sequences of 0’s and 1’s
via the isomorphism φ : P (T ) ∼= 1N we see that P1(f) : 1N → 1N−1 is given
on objects by

P1(f)(s1, ..., sN ) = (s1, ..., sj−1, sj+1, ..., sN )

and on morphisms λ = (λ1, ..., λN ) : (s1, ..., sN )→ (s′1, ..., s
′
N ) by

P1(f)(λ) = (λ1, ..., λi−1, λi+1, ..., λN ).

It follows that P1(f) is the cubical co-degeneracy functor εj,N .
(3) If f is of type (iii) then |VT | = |VT | + 1 and the injectivity of f only fails

when it collapses two joints (the endpoints of the p-th bead ∆1) to a joint in
T ′. Under the isomorphism φT : P (T ) ∼= 1N this collapse does not have any
effect since given an object X of P (T ) the entries in the string φT (X) of 0’s
and 1’s only indicate which non-joint vertices of T are in X. It follows that
P1(f) : 1N → 1N is the identity functor.

�

Remark 4.3. Consider two morphisms of necklaces f : U → T and g : V → T .
If f and g are both of type (i) and f 6= g then P1(f) 6= P1(g). If f and g are
of both of type (ii) and f 6= g we may have P1(f) = P1(g). For example, let
U = W ∨∆m+1 ∨∆n ∨W ′, V = W ∨∆m ∨∆n+1 ∨W ′, T = W ∨∆m ∨∆n ∨W ′,
for any two necklaces W and W ′. Consider the maps f = idW ∨ sm+1 ∨ id∆n ∨ idW ′
and g = idW ∨ id∆m ∨ s1 ∨ idW ′ , where sm+1 : ∆m+1 → ∆m and s1 : ∆n+1 → ∆n

are the last and first (simplicial) codegeneracy morphisms respectively. It follows
that P1(f) = P1(g). The identification of these two morphisms after applying P1

should be compared with the identification in the definition of the Day convolution
monoidal structure of the category of cubical sets with connections. Finally, if f and
g are of type (iii), then we always have P1(f) = P1(g).

Corollary 4.4. The functor P1 : Nec→ Cat factors as a composition Nec→ �c ↪→
Cat.

Proof. For any object T in Nec, P1(T ) = 1N is an object of �c and, by Proposition
4.2, for any morphism f in Nec, P1(f) is a morphism in �c. �

Hence, we may consider P1 as a functor from Nec to �c. Finally, we define a
functor from the category of necklaces to the category of cubical sets as follows.

Definition 4.5. Define the functor C�c : Nec → Set�c to be the composition of
functors C�c := Y ◦P1 where Y : �c → HomCat((�c)op, Set) = Set�c is the Yoneda
embedding.

Note that for any T in Nec, C�c(T ) is the standard cube with connections �Nc
where N = |VT − JT |.

Remark 4.6. All non-degenerate cells of C�c(T ) can be realized as injective maps of
necklaces T ′ → T . More precisely, for every non-degenerate cell σ ∈ C�c(T )n there
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is a necklace Tσ, with |VTσ − JTσ | = n together with an injective map of necklaces
ισ : Tσ → T such that the induced map of cubical sets with connections

�nc ∼= C�c(Tσ)
C�c (ισ)
−−−−−→ C�c(T )

corresponds to the cell σ. Notice Tσ is not unique, since any other T ′σ for which there
is a map T ′σ → Tσ of type (iii) also works.

5. The functor C�c : Set∆ → Cat�c

The goal of this section is to show that the functor C : Set∆ → Cat∆ defined by
Lurie factors naturally through categories enriched over cubical sets with connections
via a functor C�c : Set∆ → Cat�c . More precisely, we construct functors C�c :
Set∆ → Cat�c and T : Cat�c → Cat∆ such that T ◦ C�c is naturally isomorphic to
C.

Definition 5.1. For any simplicial set S we define a category C�c(S) enriched over
cubical sets with connections. Define the objects of C�c(S) to be the vertices of S,
i.e. the elements of S0. For any x, y ∈ S0 define

C�c(S)(x, y) := colim
T→S∈(Nec↓S)x,y

C�c(T )

where (Nec ↓ S)x,y is the category whose objects are morphisms f : T → S for some
T ∈ Nec such that f(αT ) = x and f(ωT ) = y. For any x, y, z ∈ S0 the composition
law

C�c(S)(y, z)⊗ C�c(S)(x, y)→ C�c(S)(x, z)

is induced as follows. Note that given T → S ∈ (Nec ↓ S)x,y and U → S ∈ (Nec ↓
S)y,z, we obtain T ∨ U → S ∈ (Nec ↓ S)x,z. Then the composition

C�c(U)⊗ C�c(T )→ C�c((T ∨ U)(αU , ωU ))⊗ C�c((T ∨ U)(αT , ωT ))→ C�c(T ∨ U)

of morphisms of cubical sets with connections induces the desired composition law
after taking colimits. Recall that (T ∨U)(αU , ωU ) denotes the unique subnecklace of
T ∨U with joints JT∨U (αu, ωU ) and vertices VT∨U (αU , ωU ). It follows from Remark

3.3 that the above composition is well defined, it is, in fact, the map �Nc ⊗ �N
′

c →
�N+N ′

c of cubical sets with connections. Finally, it is clear that C�c(S) is functorial
in S.

Remark 5.2. The set of n-cells in C�c(S)(x, y) is( ⊔
(T→S)∈(Nec↓S)x,y

C�c(T )n

)
/ ∼

where the equivalence relation is generated by (t : T → S, σ) ∼ (t′ : T ′ → S, σ′) if
there is a map of necklaces f : T → T ′ such that t = t′ ◦ f and C�c(f)(σ) = σ′.
Here t : T → S) and t′ : T ′ → S are objects in (Nec ↓ S)x,y, and σ and σ′ are
n-cells in C�c(T ) and C�c(T

′), respectively. Any non-degenerate n-cell [t : T →
S, σ] ∈ C�c(S)(x, y)n may be represented by a pair (r : R → S, σR) where R is a
necklace with |VR− JR| = n such that there are no (u : U → S) ∈ (Nec ↓ S)x,y with
|VU − JU | = n − 1 and f : R → U satisfying r = u ◦ f and σR ∈ C�c(R)n is the
unique non-degenerate n-cell in C�c(R). In fact, one can let R = Tσ and r = t ◦ ισ
as in Remark 4.6. These representatives are not unique since we may have another
representative (r′ : R′ → S, σR′) if there is a morphism of necklaces h : R → R′ of
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type (iii) such that r′ ◦ h = r. We write [r : R → S] for the equivalence class of the
non-degenerate n-cell in C�c(S)(x, y) represented by (r : R→ S, σR). Let v be the j-
th vertex in VR−JR. The face map ∂1

j : C�c(S)(x, y)n → C�c(S)(x, y)n−1 is given by

∂1
j [r : R→ S] = [∂1

j r : Rv → S] where Rv is the subnecklace of R spanned by vertices

VR − {v} and ∂1
j r is the restriction of r to Rv. The face map ∂0

j : C�c(S)(x, y)n →
C�c(S)(x, y)n−1 is given by ∂0

j [r : R → S] = [∂0
j r : R(αR, v) ∨ R(v, ωR) → S] where

∂0
j r is the restriction of r to R(αR, v) ∨ R(v, ωR). Of course [∂1

j r : Rv → S] and

[∂0
j r : R(αR, v) ∨ R(v, ωR) → S] may be degenerate cells in C�c(S)(x, y)n−1 even if

[r : R→ S] is non-degenerate.

Let us recall Lurie’s construction of C : Set∆ → Cat∆. Given integers 0 ≤ i < j
we denote by Pi,j the category whose objects are subsets of the set {i, i+1, ..., j} con-
taining both i and j and morphisms are inclusions of sets. We have an isomorphism
of categories Pi,j ∼= 1j−i−1. For each integer n ≥ 0 define a simplicial category C(∆n)
whose objects are the elements of the set {0, ..., n} and for any two objects i and j
such that i ≤ j, C(∆n)(i, j) is the simplicial set N(Pi,j), where N : Cat → Set∆ is
the nerve functor. If j < i, C(∆n)(i, j) is defined to be empty. The composition law
in the simplicial category C(∆n) is induced by the map of categories Pj,k×Pi,k → Pi,k
given by union of sets. The construction of C(∆n) is functorial with respect to sim-
plicial maps between standard simplices. Then the functor C : Set∆ → Cat∆ is
defined by C(S) := colim∆n→SC(∆n).

C is defined as a colimit in the category of simplicial categories. Dugger and Spivak
computed in [DS11] the mapping spaces of C explicitly via necklaces. More precisely,
in Proposition 4.3 of [DS11] they prove there is an isomorphism of simplicial sets

colim
T→S∈(Nec↓S)x,y

[C(T )(αT , ωT )] ∼= C(S)(x, y).

We defined C�c having this formula in mind. We do it this way, as opposed to first
defining C�c on standard simplices and then extending as a left Kan extension, to
emphasize that maps of necklaces give rise to maps of cubical sets with connections
and the relationship of this fact with Adams’ cobar construction, as we explain later
on. The mapping spaces of the functor C�c are cubical sets with connections con-
structed by applying the Yoneda embedding to the category P1(T ) associated to a
necklace T and then taking a colimit, while the mapping spaces in C are simplicial
sets obtained by applying the nerve functor to P1(T ) and then taking a colimit.

Recall we have a triangulation functor | · | : Set�c → Set∆ defined on a cubical
set with connections K by |K| := colim�nc→KN(1n) ∼= colim�nc→K(∆1)×n. Define
a functor T : Cat�c → Cat∆ as follows. Given a category K enriched over Set�c
define T(K) to be the simplicial category whose objects are the objects of K and
whose mapping spaces are given by |K(x, y)| for any objects x and y in K. We have
a composition law on T(K) induced by applying the functor | · | to the composition
law in K and using the fact that for cubical sets with connections K and K ′ we have
a natural isomorphism |K ⊗K ′| ∼= |K| × |K ′|.

Proposition 5.3. The functor C : Set∆ → Cat∆ is naturally isomorphic to the
composition of functors

Set∆
C�c−−→ Cat�c

T−→ Cat∆.
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Proof. Let Y (�c) ↓ �Nc be the category whose objects are morphisms �nc → �Nc of
cubical sets with connections and whose morphisms are given by the corresponding
commutative triangles. Note |�Nc | is the colimit in simplicial sets of the functor
Y (�c) ↓ �Nc → Set∆ that sends an object (�nc → �Nc ) to N(1n) ∼= (∆1)×n and a
morphism in Y (�c) ↓ �Nc to the corresponding induced morphism between nerves.
The identity morphism �Nc → �Nc is a terminal object in Y (�c) ↓ �Nc . Therefore,
|�Nc | = colim�nc→�Nc

N(1n) is given by the value of the functor on the identity mor-

phism �Nc → �Nc , so |�Nc | = N(1N ).

Let S be a simplicial set. The objects of the simplicial categories T(C�c(S)) and
C(S) are the same, i.e. the elements of S0. Since the triangulation functor | · |
commutes with colimits we have the following natural isomorphisms

(T(C�c(S)))(x, y) ∼= colim
T→S∈(Nec↓S)x,y

|C�c(T )| ∼= colim
T→S∈(Nec↓S)x,y

N(1|VT−JT |).

Moreover, by Proposition 4.3 of [DS11] it follows that we have natural isomorphisms

colim
T→S∈(Nec↓S)x,y

N(1|VT−JT |) ∼= colim
T→S∈(Nec↓S)x,y

[C(T )(α, ω)] ∼= C(S)(x, y).

Hence, we have an isomorphism of simplicial categories T(C�c(S)) ∼= C(S) which is
functorial on S. It follows that T ◦C�c and C are naturally isomorphic functors. �

6. The left adjoint of the DG nerve functor

In [Lur11] Lurie defines a functor Ndg : dgCatk → Set∆, called the dg-nerve,
which is weakly equivalent to the left adjoint of the composite functor

Set∆
C−→ Cat∆

Q∆−−→ dgCatk

where Q∆ is the functor obtained by applying the normalized Moore chains (over
k) functor Q∆ on the mapping spaces. In this section we prove that the composite
functor

Λ : Set∆
C�c−−→ Cat�c

Q�c−−−→ dgCatk,

where Q�c is the functor obtained by applying the normalized Moore chains functor
Q�c on the mapping spaces, is left adjoint to Ndg.

We begin by recalling Lurie’s definition of Ndg. Let C be a dg-category. For each
n ≥ 0, define Ndg(C)n to be the set of all ordered pairs of sets ({Xi}0≤i≤n, {fI}),
such that:

(1) X0, X1, ..., Xn are objects of the dg-category C

(2) I is a subset I = {i− < im < im−1 < ... < i1 < i+} ⊆ [n] with m ≥ 0 and fI
is an element of C(Xi− , Xi+)m satisfying

dfI =
∑

1≤j≤m

(−1)j(fI−{ij} − fij<...<i1<i+ ◦ fi−<im<...<ij ).

The structure maps in Ndg(C) are defined as follows. If α : [m] → [n] is a nonde-
creasing function, then the induced map Ndg(C)n → Ndg(C)m is given by

({Xi}0≤1≤n, {fI}) 7→ ({Xα(j)}0≤j≤m, {gJ}),
where gJ = fα(J) if α|J is injective, gJ = idXi if J = {j, j′} with α(j) = i = α(j′),
and gJ = 0 otherwise.
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Theorem 6.1. The functor Λ : Set∆ → dgCatk is left adjoint to Ndg : dgCatk →
Set∆.

Proof. First we show that for any standard simplex ∆n and any dg-category C there
is bijection

θn,C : dgCatk(Λ(∆n),C) ∼= Set∆(∆n, Ndg(C))

which is functorial with respect to simplicial maps of standard simplices ∆n → ∆m.
Note that Set∆(∆n, Ndg(C)) ∼= Ndg(C)n. Given a dg-functor F : Λ(∆n) → C we
construct an n-simplex θn,C(F ) = ({X0, ..., Xn}, {fI}) in Ndg(C)n. The objects of
Λ(∆n) are the integers 0, 1, ..., n so we let Xi = F (i) for i = 0, 1, ..., n. For every
subset I = {i− < i1 < ... < im < i+} ⊆ [n] define σI to be the generator of
the chain complex Λ(∆n)(i−, i+) = Q�c(C�c(∆

n)(i−, i+)) represented by the non-
degenerate element of (C�c(∆

n)(i−, i+))m which is the one bead sub-necklace inside
∆n consisting of the (m + 1)-simplex with i− as first vertex, i+ as last vertex, and
i1, ..., im as non-joint vertices, in other words, σI is represented by the (m+1)-simplex
inside ∆n spanned by vertices i−, i1, ..., im, i+. It follows from Remark 4.2 that

dσI =

m∑
j=1

(−1)j(∂1
j σI − ∂0

j σI) =

m∑
j=1

(−1)j(σI−{ij} − σij<...<i1<i+ ◦ σi−<im<...<ij ).

Define fI = F (σI) : Xi− → Xi+ . Since the dg-functor F commutes with differentials
at the level of mapping spaces, fI satisfies property (2) in the definition of the
dg-nerve functor. The functoriality of θn,C with respect to simplicial maps between
standard simplices follows from Proposition 3.2. Finally, since the functor Λ preserves
colimits, θn,C induces a functorial bijection

dgCatk(Λ(S),C) ∼= Set∆(S,Ndg(C))

for any simplicial set S and dg-category C. �

.

7. Models for the based loop space and free loop space

In this section we apply the functor Λ to the simplicial set Sing(X, b) consisting of
singular simplices on a connected topological space X with vertices at a point b ∈ X.
We show that Λ(Sing(X, b))(b, b) is a differential graded associative algebra (dga)
weakly equivalent as a dga to the singular chain complex S∗(ΩbX; k). Furthermore,
we show that Λ(Sing(X, b))(b, b) is isomorphic to the cobar construction of the dg
coassociative coalgebra of normalized chains of Sing(X, b), extending Adams’ original
result which assumed simply connectedness. This yields a model for the free loop
space of X by taking the Hochschild chain complex of Λ(Sing(X, b))(b, b).

To establish a comparison between the theories of ∞-categories and simplicial
categories Lurie proves the following (Proposition 2.2.4.1 [Lur09])

Proposition 7.1. Let S be an ∞-category containing a pair of objects x and y.
Then the natural map

f : |HomR
S (x, y)|Q• → C(S)(x, y)(7.1)

is a weak equivalence of simplicial sets.
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Let us describe the constructions in the above proposition in more detail. We
denote by | − |Q• : Set∆ → Set∆ the realization functor associated to a cosimplicial
simplsicial set Q•. Moreover, for any simplicial set S we have a weak equivalence
g : |S|Q• → S of simplicial sets, so |S|Q• may be thought of as a simplicial fatten-
ing of S. We now describe the cosimplicial object Q• : ∆ → Set∆ and the weak
equivalences g : |S|Q• → S, and f : |HomR

S (x, y)|Q• → C(S)(x, y). First, define a
cosimplicial object J• : ∆ → (∂∆1 ↓ Set∆), by letting Jn to be the quotient of the
standard simplex ∆n+1 by collapsing the last face (i.e. the face spanned by vertices
[0, ..., n]) to a vertex. The quotient simplicial set Jn has exactly two vertices which
we denote by the integers 0 and n+1. Note that Jn is an object in the slice category
(∂∆1 ↓ Set∆). A morphism [n] → [m] in ∆ clearly induces a map of simplicial sets
Jn → Jm. We define Qn := C(Jn)(0, n + 1). Moreover, one can show that the
simplicial set C(Jn)(0, n+ 1) is a quotient of the simplicial set sd(∆n), the simplicial
barycentric subdivision of ∆n.

We have a map of simplicial sets

g : |S|Q• ∼= colim∆n→SC(Jn)(0, n+ 1)→ colim∆n→S∆n ∼= S

induced by the map l̃ : C(Jn)(0, n + 1) → ∆n, which is in turn induced by the last
vertex map l : sd(∆n)→ ∆n. Lurie proves g is a weak equivalence for any simplicial
set S [Lur09].

The simplicial set HomR
S (x, y) is the right mapping space of S between x and y

and is defined by letting HomR
S (x, y)n be the set of all morphisms of simplicial sets

ϕ : Jn → S such that ϕ(0) = x and ϕ(n + 1) = y, together with structure face and
degeneracy maps defined to coincide with the corresponding structure maps of on
Sn+1. Therefore, we have

|HomR
S (x, y)|Q• ∼= colim

ϕ:Jn→S∈HomRS (x,y)
C(Jn)(0, n+ 1).

The map of simplicial sets f in Proposition 7.1 can be identified with the canonical
map

colim
ϕ:Jn→S∈HomRS (x,y)

C(Jn)(0, n+ 1)→ C(S)(x, y)

which takes [ϕ : Jn → S ∈ HomR
S (x, y), σ ∈ C(Jn)(0, n+1)] to C(z)(σ) ∈ C(S)(x, y),

where C(ϕ) : C(Jn)→ C(S) is the map of simplicial categories induced by ϕ : Jn →
S. In other words, under the isomorphism

C(S)(x, y) ∼= colim
(Nec↓S)x,y

C(T )(αT , ωT )

the above map sends an equivalence class [ϕ : Jn → S ∈ HomR
S (x, y), σ ∈ C(Jn)(0, n+

1)] to the equivalence class [ϕ ◦ q : ∆n+1 → S ∈ (Nec ↓ S)x,y,C(ϕ ◦ q)(σ) ∈
C(∆n+1)(0, n+ 1)] where q : ∆n+1 → Jn is the quotient map. Lurie proves that if S
is an ∞-category then f is a weak equivalence [Lur09].

For any simplicial category C the simplicial nerve N∆(C) is the simplicial set
whose set of n-simplices is given by

(N∆(C))n = HomCat∆(C(∆n),C).
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It follows that N∆ : Cat∆ → Set∆ is the right adjoint of C : Set∆ → Cat∆. If
C is a topological category, then the topological nerve NTop(C) is defined to be the
simplicial nerve of the simplicial category Sing(C) obtained by applying Sing to each
morphism space of C. Lurie shows that the pair of functors (C, N∆) defines a Quillen
equivalence between model categories Set∆ with the Joyal model structure and Cat∆
with the Bergner model structure. In particular, for any simplicial category C the
counit map C(N∆(C))→ C is a weak equivalence of simplicial categories.

Let X be a connected topological space and let x, y ∈ X. We analyze the simplicial
category C(Sing(X)) in the light of the above discussion. Define the standard space of
paths in X between x and y to be the set Px,yX := {γ : [0, 1]→ X|γ(0) = x, γ(1) =
y} with the compact open topology. Define the space of Moore paths in X between x
and y to be PMx,yX = {(γ, r)|γ : [0,∞)→ X, γ(0) = x, γ(s) = y for r ≤ s, r ∈ [0,∞)}
topologized as a subset of Map([0,∞), X)×[0,∞). The space Px,yX is a deformation
retract of PMx,yX. For a point b ∈ X denote by ΩbX := Pb,bX and ΩMb X := PMb,b(X)
the standard based loop space and Moore based loop space, respectively, of X at b.

There is a weak equivalence of simplicial sets

θ : HomR
Sing(X)(x, y)→ Sing(PMx,yX)

given as follows. A simplex ϕ : Jn → Sing(X) ∈ HomR
Sing(X)(x, y) corresponds

to a continuous map σϕ : |∆n+1| → X which collapses the last face of |∆n+1| to
x and sends the last vertex of |∆n+1| to y. For each point p in the last face of
|∆n+1| there is a straight line segment from p to the last vertex of |∆n+1|. These
straight line segments give a family of disjoint paths inside |∆n+1| which start in
the last face and end in the last vertex and such family is parametrized by |∆n|.
The continuous map σϕ induces a continuous map |∆n| → PMx,yX which corresponds

to a simplex θ(ϕ) : ∆n → Sing(PMx,yX). The map θ is clearly a weak equivalence
of simplicial sets. It follows from Proposition 7.1 that we have a weak equivalence
C(Sing(X))(x, y) ' Sing(PMx,yX).

Moreover, the weak equivalences C(Sing(X))(x, y) ' Sing(PMx,yX) of simplicial
sets form part of a weak equivalence of simplicial categories. Consider the simplicial
category Sing(PX) obtained by applying Sing to each of the morphsim spaces in the
topological category PX. The topological category PX has as objects the points of
X and as morphism spaces the spaces of Moore paths with composition law induced
by concatenation of paths.

Proposition 7.2. Let X be a connected topological space. The simplicial categories
C(Sing(X)) and Sing(PX) are weakly equivalent.

Proof. Choose a point b ∈ X. The topological category PX is weakly equivalent
to the topological category ΩX which has a single object b and as morphism space
ΩX(b, b) = ΩMb X the space of based Moore loops at b with composition law given by
concatenation of loops; this follows by choosing a path from b to every point of X.
Since NTop is (weakly) invariant under weak equivalences of simplicial categories, we
have NTop(PX) ' NTop(ΩX). Moreover, the geometric realization |NTop(ΩX)| is
B(ΩMb X), the classifying space of the topological grupoid ΩMb X, thus |NTop(ΩX)| '
X. It follows that the simplicial sets NTop(PX) and Sing(X) are weakly equivalent.
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Moreover, NTop(PX) is a Kan complex since its homotopy category is a groupoid
[Joy02] and C preserves weak equivalences of Kan complexes [Rie14], hence we have
C(NTop(PX)) ' C(Sing(X)). On the other hand, we have that C(NTop(PX)) =
C(N∆(Sing(PX))) ' Sing(PX). It follows that the simplicial categories C(Sing(X))
and Sing(PX) are weakly equivalent. �

For a point b ∈ X we denote by Sing(X, b) the subsimplicial set of Sing(X) whose
n-simplices are continuous maps ∆n → X that take all vertices of ∆n to b. If X
is connected Sing(X) and Sing(X, b) are weakly equivalent Kan complexes, thus we
have C(Sing(X))(b, b) ' C(Sing(X, b))(b, b). The following corollary follows directly
from Proposition 6.2.

Corollary 7.3. Let X be a connected topological space and b ∈ X. There is a weak
equivalence of simplicial categories C(Sing(X, b)) ' Sing(ΩX).

It follows from the above corollary that Q∆(C(Sing(X, b))(b, b)) is weakly equiv-
alent as a differential graded associative algebra to S∗(Ω

M
b X; k), the singular chain

complex on the space ΩMb X with k coefficients. We show thatQ�c(C�c(Sing(X, b))(b, b))
and S∗(Ω

M
b X; k) are weakly equivalent as dga’s as well by applying the following

Proposition 7.4. For any cubical set with connections K the chain complex Q∆(T (K))
is weakly equivalent to Q�c(K), where T : Set�c → Set∆ is the triangulation functor.

Proof. This follows from an acyclic models argument applied to the two functors

Q∆ ◦ T,Q�c : Set�c → Chk.

Define the collection of models in Set�c to be the collection M = {�0
c ,�

1
c , ...} of stan-

dard cubes with connections. It is clear that both Q∆◦T and Q�c are acyclic on these
models. Recall a functor F : C→ Chk is free on M if there exist a collection {Mj}j∈J
where each Mj is an object in M (possibly with repetitions, possibly not including all
of the objects in M) together with elements mj ∈ F (Mj) such that for any object X
of C we have that {F (f)(mj) ∈ F (X)|j ∈ J, (f : Mj → X) ∈ C(Mi, X)} forms a basis
for F (X). Clearly Q�c is free on M since we can take Mj = �jc, J = {0, 1, 2, ..., },
and define mj ∈ Q�c(Mj) = Q�c(�

j
c) to be the generator corresponding to the

unique non-degenerate element in (�jc)j (i.e. mj is the top non-degenerate cell
of �jc). Note that the simplicial set T (�jc) ∼= (∆1)×j has j! non-degenerate j-

simplices σj1, ..., σ
j
j! ∈ T (�jc)j . Hence, Q∆ ◦ T is also free on M since we can take

{M0
1 ,M

1
1 ,M

2
1 ,M

2
2 , ...,M

j
1 , ...,M

j
j!,M

j+1
1 , ...}j∈J where M j

k = �jc, J = {0, 1, 2, ...},
and mj

k ∈ Q∆(T (M j
k)) the generator corresponding to the j-simplex σjk ∈ T (�jc)j .

We have a natural isomorphism of functors H0(Q∆ ◦ T ) ∼= H0(Q�c), in fact, for
any K ∈ Set�c we have a natural bijection between T (K)0 and K0 and any two
vertices x and y are connected by a sequence of 1-simplices in T (K)1 if and only if
they are connected by a sequence of 1-cubes in K1. By the acyclic models theorem
there exists natural transformations φ : Q∆ ◦ T → Q�c and ψ : Q�c → Q∆ ◦ T such
that each composition φ ◦ ψ and ψ ◦ φ is chain homotopic to the identity map. �

Corollary 7.5. Let X be a connected topological space and b ∈ X. The differential
graded associative algebras Λ(Sing(X, b))(b, b) and S∗(Ω

M
b X; k) are weakly equivalent.
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Proof. By definition Λ(Sing(X, b))(b, b) = Q�c(C�c(Sing(X, b))(b, b)). By Proposi-
tion 6.4 we have

Q�c(C�c(Sing(X, b))(b, b)) ' Q∆(T (C�c(Sing(X, b))(b, b))).

This is a weak equivalence of dga’s since compositions are preserved under the tri-
angulation functor. By Proposition 4.3, we have an isomorphism

Q∆(T (C�c(Sing(X, b))(b, b))) ∼= Q∆(C(Sing(X, b))(b, b)).

Finally, by Corollary 6.3, we have

Q∆(C(Sing(X, b))(b, b)) ' S∗(ΩbMX; k).

. �

Remark 7.6. A generator ξ of degree n in the chain complex Λ(Sing(X, b))(b, b) is
an equivalence class which may be represented by a non-degenerate n-cell σ in the
cubical set with connections C�c(Sing(X, b))(b, b). The non-degenerate n-cell σ is
itself an equivalence class [r : ∆n1 ∨ ... ∨∆nk → Sing(X, b) ∈ (Nec ↓ Sing(X, b))b,b],
where n1 + ... + nk − k = n where r has the property such that there is no u :
∆m1 ∨ ... ∨ ∆ml → Sing(X, b) ∈ (Nec ↓ Sing(X, b))b,b with m1 + ... + ml − l < n
together with a map of necklaces f : ∆n1 ∨ ... ∨ ∆nk → ∆m1 ∨ ... ∨ ∆ml satisfying
r = u ◦ f . Moreover, any (s : ∆n1 ∨ ... ∨∆ni ∨∆1 ∨∆ni+1 ∨ ... ∨∆nk → Sing(X, b))
satisfying r◦π = s, where π : ∆n1∨...∨∆ni∨∆1∨∆ni+1∨...∨∆nk → ∆n1∨...∨∆nk is
the map of simplicial sets which collapses the (i+ 1)-th bead in the domain necklace
to a point, also represents the equivalence class σ. This follows essentially from
Proposition 3.2 (3).

Given a differential graded coassociative coalgebra (C, ∂,∆) over a commutative
ring k such that C0 = k and C is k-free on each degree, the cobar construction of
C is the differential graded associative algebra (ΩC,D) defined as follows. Con-
sider the graded k-module sC where s is the shift by −1, i.e. (sC)i = Ci+1 for
i ≥ 0 and (sC)i = 0 for i < 0. Let ∆ = Id ⊗ 1 + 1 ⊗ Id + ∆′ and for any
c ∈ C write ∆′(c) =

∑
c′ ⊗ c′′. The underlying algebra of the cobar construc-

tion is ΩC = TsC = k ⊕ sC ⊕ (sC ⊗ sC)⊕ (sC ⊗ sC ⊗ sC)⊕ ... and the differential

D is defined by extending D(sc) = −s∂c +
∑

(−1)deg c′sc′ ⊗ sc′′ as a derivation to
all of ΩC.

Let N b
∗(X; k) := Q∆(Sing(X, b)), so (N b

∗(X; k), ∂) is the normalized chain com-
plex over k of singular chains on X with vertices on b. The Alexander-Whitney
diagonal map ∆ induces a dg coassociative coalgebra structure on N b

∗(X; k). De-
note by Ω(N b

∗(X; k), ∂,∆) the cobar construction of the dg coassociative coalgebra
(N b
∗(X; k), ∂,∆).

Theorem 7.7. Let X be a connected topological space and b ∈ X. There is an
isomorphism of differential graded algebras Λ(Sing(X, b))(b, b) ∼= Ω(N b

∗(X; k), ∂,∆).

Proof. Let S∗(X; k) be the (unnormalized) singular chain complex of X and let
Sb∗(X; k) be the (unnormalized) singular chain complex of X with vertices at b. The
boundary map ∂ : Sn(X; k) → Sn−1(X; k) and the Alexander-Whitney diagonal
∆ : Sn(X; k)→

⊕
p+q=n Sp(X; k)⊗ Sq(X; k) induce a differential graded coassocia-

tive coalgebra on Sb∗(X; k). Also note that the maps ∂ : Sbn(X, k) → Sbn−1(X; k)

and ∆ : Sbn(X; k) →
⊕

p+q=n S
b
p(X; k) ⊗ Sbq(X; k) can be written as alternating
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sums ∂ =
∑n
i=0(−1)i∂i and ∆ =

∑n
i=0(−1)i∆i as usual. The truncated maps ∂′ =∑n−1

i=1 (−1)i∂i and ∆′ =
∑n−1
i=1 (−1)i∆i also define a differential graded coassociative

coalgebra structure on Sb∗(X; k) (in fact, it is a contractible dg coassociative coalge-
bra). We may form a dga by taking the cobar construction Ω(Sb∗(X; k), ∂′,∆′). First,
we show Λ(Sing(X, b))(b, b) = Q�c(C�c(Sing(X, b))(b, b)) ∼= Ω(Sb∗(X; k), ∂′,∆′)/ ∼
for some equivalence relation∼ and then we show Ω(Sb∗(X; k), ∂′,∆′)/ ∼ ∼= Ω(N b

∗(X; k), ∂,∆).

Recall Ω(Sb∗(X; k), ∂′,∆′) is a dga which has as underlying complex the tensor
algebra TsSb∗>0(X; k), where s is the functor that shifts degree by −1, together with

differential D′Ω = ∂′+∆′ extended as a derivation to all of TsSb∗>0(X; k). We denote

a monomial sσ1⊗ ...⊗sσk ∈ TsSb∗>0(X; k) by [σ1|...|σk]. Let s0(b) ∈ Sb1(X, k) be the

degenerate 1-simplex at b. We take a quotient of TsSb∗>0(X; k) by the equivalence
relation generated by

[σ1|...|σk] ∼ [σ1|...|σi−1|σi+1|...|σk]

if for some 1 ≤ i ≤ k we have σ1 = s0(b) (in particular [σ1] ∼ 1k if σ1 = s0(b)); and

[σ1|...|σk] ∼ 0

if σi ∈ Sbni(X; k) is a degenerate simplex and ni > 1 for some 1 ≤ i ≤ k. The first re-
lation is corresponds to the identification in the colimit defining C�c(Sing(X, b))(b, b)
as described in Remark 6.6; the second relation corresponds to modding out by de-
generate chains in the definition of the chain complex of normalized Moore chains
Q�c(C�c(Sing(X, b))(b, b)). The algebra structure of TsSb∗>0(X; k) passes to (TsSb∗>0(X; k))/ ∼,
so does the differentialD′Ω. It is clear by construction that the dga’sQ�c(C�c(Sing(X, b))(b, b))
and Ω(Sb∗(X; k), ∂′,∆′)/ ∼ are isomorphic since necklaces in Sing(X, b) correspond
to monomials of generators in Sb∗(X; k)

We define an isomorphism of dga’s

ϕ̃ : Ω(Sb∗(X; k), ∂′,∆′)/ ∼ → Ω(N b
∗(X; k), ∂,∆).

Given σ ∈ Sb∗(X; k) denote by σ the equivalence class of σ in N b
∗(X; k). First define

ϕ[σ] = [σ] if degσ > 1, ϕ[σ] = σ + 1 if degσ = 1, and ϕ(1) = 1. Extend ϕ as an
algebra map to obtain a map ϕ : Ω(Sb∗(X; k), ∂′,∆′)→ Ω(N b

∗(X; k), ∂,∆). It follows
by a short computation that the map ϕ is a chain map. Moreover, it induces a map of
dga’s ϕ̃ : Ω(Sb∗(X; k), ∂′,∆′)/ ∼ → Ω(N b

∗(X; k), ∂,∆). The map ϕ̃ is an isomorphism
of dga’s, in fact, the inverse map ψ : Ω(N b

∗(X; k), ∂,∆) → Ω(Sb∗(X; k), ∂′,∆′)/ ∼ is
given by defining ψ[σ] =

[
[σ]
]

if degσ > 1, ψ[σ] =
[
[σ]
]
−1 if degσ = 1, and ψ(1) = 1;

then extending ψ as an algebra map. Here
[
[σ]
]

denotes the equivalence class of [σ]

in the quotient Ω(Sb∗(X; k), ∂′,∆′)/ ∼ and it is clear that ψ is a well defined map of
dga’s inverse to ϕ̃.

�

Remark 7.8. The normalized chains construction, when equipped with the Alexander-
Whitney diagonal map, can be thought of as a functor Q∆ : Set∆ → dgCoalgk, where
dgCoalgk is the category of differential graded coassociative connected coalgebras
over k. Let Set0∆ be the full subcategory of Set∆ whose objects are simplicial sets
with only one vertex. Proposition 6.4 together with a similar proof to the one above
yields the following more general result: The functor Q∆ : Set0∆ → dgCoalgk sends
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categorical equivalences to weak equivalences of dg coalgebras. A categorical equiva-
lence (also called a Joyal equivalence) is a map of simplicial sets f : S → S′ inducing
a weak equivalence of simplicial categories C(f) : C(S)→ C(S′); a weak equivalence
of dg coalgebras is a map of dg coalgebras g : C → C ′ inducing a quasi-isomorphism
between cobar constructions Ωg : ΩC → ΩC ′.

It follows that the cobar construction of the dg coassociative coalgebra of nor-
malized chains on a connected (possibly non-simply connected) space X gives a dga
model for the based loop space as shown in the following

Corollary 7.9. For any connected topological space X with b ∈ X, the differential
graded associative algebras Ω(N b

∗(X; k), ∂,∆) and S∗(Ω
M
b X; k) are weakly equivalent.

Proof. This follows directly from Corollary 6.5 and Theorem 6.7. �

Remark 7.10. Another explicit and smaller description of a model for the based
loop space in the case of a simplicial complex may be given by applying the methods
discussed in this section to the Kan fibrant replacement functor. LetK be a simplicial
complex with an ordering of its vertices and let v be a vertex of K. Let fK be the
simplicial set generated by adding degeneracies freely to K. Consider the Kan fibrant
replacement Ex∞(fK) of fK. Ex∞(fK) is a Kan complex weakly equivalent to fK,
so it follows that the Kan complexes Ex∞(fK) and Sing(|K|) are weakly equivalent.
Thus C(Ex∞(fK)), C(Sing(|K|)), and Sing(P|K|) are weakly equivalent simplicial
categories. Therefore Λ(Ex∞(fK))(v, v) is a dga model for the based loop space of
|K| at v. This remark explains an example of Kontsevich outlined in [Kon09].

Corollary 7.11. For any connected topological space X with b ∈ X, the Hochschild
chain complex of the dga Ω(N b

∗(X; k), ∂,∆) is weakly equivalent to the chain complex
S∗(LX; k) of singular chains on LX, the free loop space of X.

Proof. This is a direct consequence of a theorem of Goodwillie [Goo85], Corollary
6.8, and the invariance of Hochschild chains under weak equivalences of dga’s. �
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