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THE HODGE CHERN CHARACTER OF HOLOMORPHIC
CONNECTIONS AS A MAP OF SIMPLICIAL PRESHEAVES

CHEYNE GLASS, MICAH MILLER, THOMAS TRADLER, AND MAHMOUD ZEINALIAN

ABSTRACT. We define a map of simplicial presheaves, the Chern character, that assigns to
every sequence of composable non connection preserving isomorphisms of vector bundles with
holomorphic connections an appropriate sequence of holomorphic forms. We apply this Chern
character map to the Cech nerve of a good cover of a complex manifold and assemble the
data by passing to the totalization to obtain a map of simplicial sets. In simplicial degree
0, this map gives a formula for the Chern character of a bundle in terms of the clutching
functions. In simplicial degree 1, this map gives a formula for the Chern character of bundle
maps. In each simplicial degree beyond 1, these invariants, defined in terms of the transition
functions, govern the compatibilities between the invariants assigned in previous simplicial
degrees. In addition to this, we also apply this Chern character to complex Lie groupoids to
obtain invariants of bundles on them in terms of the simplicial data. For group actions, these
invariants land in suitable complexes calculating various Hodge equivariant cohomologies. In
contrast, the de Rham Chern character formula involves additional terms and will appear in
a sequel paper. In a sense, these constructions build on a point of view of “characteristic
classes in terms of transition functions” advocated by Raoul Bott [BBI [Bl [B2] [S|, which has
been addressed over the years in various forms and degrees (e.g. [Sl[BSS|, [K'T}, [TTT], [OTTT]),
concerning the existence of formulae for the Hodge and de Rham characteristic classes of
bundles solely in terms of their clutching functions.
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1. INTRODUCTION

Let HVB(U) = N(HVBY (U)) be the simplicial presheaf that assigns to a complex man-
ifold U the nerve of the category whose objects are holomorphic vector bundles endowed
with holomorphic connections, and whose morphisms are holomorphic bundle isomorphisms
that ignore the connections. Let Q3 ,(U)[u]*<? be the non-positively graded complex ob-
tained by first tensoring holomorphic differential forms (2} ,(U),d = 0), with the polynomial
ring in uw of degree —2, and then quotienting out by all elements in positive degrees. Then,
QU) = DK (93 _,(U)[u]*=?) is the underlying simplicial set of the Dold-Kan functor applied
to Q9 ,(U)[u]*=0. Simply, this is the simplicial set whose k-simplices are decorations of all
i-dimensional faces of the standard k-simplex with sequences of forms, all even for ¢ even, and
all odd for i odd, in such a way that the alternating sum of all forms sitting on the (i — 1)-
dimensional faces of any i-dimensional face add up to 0. The assignment U +— Qf_,(U)[u]*=°
defines a simplicial presheaf €.

We construct a map of simplicial presheaves Ch : HVB — 2, as follows. In simplicial degree
0, we assign to a holomorphic bundle and a holomorphic connection (F, V) the decoration of
the standard 0-simplex by the sum dim(E)+0-u+0-u?+..., where dim(E) is the dimension
of the fiber of E and the j*" zero denotes the zero 2j-form.

In simplicial degree 1, we assign to a bundle isomorphism ¢ : (Fy, Vo) — (E1, V1) that
ignores the holomorphic connections Vo and Vi, the decoration of the standard 1-simplex
obtained by the trace of the bundle endomorphism valued Maurer-Cartan form (g~ 'dg)u. Here,
dg represents the derivative of g obtained by pre and post composition with the operators Vg
and V1 on the domain and the range.

In simplicial degree 2, we assign to a pair of compossible morphisms (Ey, Vo) — (E1, V1) —
(E2,V32) the labelling of the 7 faces of the standard 2-simplex by formulae, where the 0-
codimension face, which is the body of the triangle, is labeled by the trace of the product of
the left and right invariant Maurer-Cartan forms. Similarly, we decorate higher simplices with
appropriate forms, all of which are compatibly encompassed in the following statement.

Theorem 2.4. The above map is a map Ch: HVB — € is a map of simplicial presheaves.

We note that in this paper we have chosen a situation with vanishing differential, i.e.,
(Q7,,(U),d = 0). In a sequel paper, this construction is completed to a map of presheaves
whose target is similarly built out of holomorphic forms but now with the differential 0 in-
stead of the zero differential. These discussions are closely related by appropriate Hodge-to-de
Rham spectral sequences. In addition, a complete analog of this story in the smooth category,
wherein flat connections on smooth vector bundles play the role of holomorphic connections
on holomorphic bundles, follows naturally from this description.

In section B] we apply the simplicial presheaf HVB to the Cech nerve simplicial manifold N2/
of a cover U of a complex manifold X to obtain a cosimplicial simplicial set. The totalization
of this cosimplicial simplicial set is a simplicial set whose vertices are the vector bundles on
X endowed with non-matching holomorphic connections on each open set of the cover U. The
edges are bundle isomorphisms, which do not necessarily respect the locally chosen connections,
etc.

Similarly, we can evaluate the simplicial presheaf € on the Cech nerve of & and pass to the
totalization to obtain a simplicial set. The vertices of the simplicial set are closed elements of
the Cech complex of holomorphic forms with the zero internal differential. We refer to this Cech
complex as the Cech-Hodge complex, in contrast to the Cech-de Rham complex, which has the
0 operator on the holomorphic forms. The edges of the totalization are witnesses to two such
closed elements in the Cech-Hodge complex representing the same Hodge cohomology class,
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and similarly for higher simplices, with further elements witnessing how a sum of witnesses in
the previous simplicial degree is realized as a coboundary.

We then look at the map induced by Ch on the totalization. On the 0-simplices, the totalized
map gives a combinatorial formula for the Chern character of a bundle in the Cech-Hodge
complex, in terms of its transition functions. Over the 1-simplices, we obtain a formula for
the Hodge-Chern-Simons invariant of bundle isomorphisms in the Cech complex, with respect
to the domain and range connections, and in terms of the transition functions of the bundle.
Similar invariants are obtained from the higher simplices.

We note that that totalization has an interesting effect. Before totalization, the map on the
vertices was rather trivial, encoding only the rank of the vector bundle. After totalization,
the map on vertices becomes a cocycle representative of the total Chern character of the
holomorphic bundle in the Cech-Hodge complex, which is quite non trivial. The following
statement summarizes the above.

Corollary 3.3. Given a complex manifold M with a cover U = {U;}icr, the map Ch(NU) :
HVB(NU) — Q(NU) is a map of cosimplicial simplicial sets, and thus induces a simplicial
set map on the totalization, i.e., a map

Tot(Ch(NY)) : Tot(HVB(NU)) — Tot(Q(NU)) ~ DK (C*(U, Q) [u]*=0).

When transition functions take values in G = GL(n,C), there is a more direct description
of the Hodge Chern character analyzed in the diagram below, which we describe in section [l

Theorem 4.17. There is a commutative diagram of simplicial sets,

CManA” (NUl*), BG) —~ Tot(HVB(NU))

|
(Co Ul Qp ))cen Tot(Ch(Ni))

closed
Ll

DE(C* (U, 2)[u]*=") Tot (2(NU))

The above picture relates to the fact that on complex Lie group with a linear n-dimensional
representation, there is a sequence of forms living on the Cartesian products of G*P, for every
p=20,1,2,... given by

Ch := (n,tr(gd(g™ 1)), tr(91925(92_1)5(91_1))7 )

These forms assemble into a single closed element in the complex of Hodge forms on the
stack BG = [*/G] represented by the following simplicial manifold:
—— == P
* —— G E GxG AR
As mentioned, this simplicial presheaf point of view leads to a map of simplicial sets whose
value on the vertices reproduces the Chern character formulae. The value on the 1-simplices is
the Chern character of a map of bundles and higher dimensional simplices of the totalization
are new invariants that should be thought of as an infinite hierarchy of Chern character type
invariants for composable sequences of bundle maps. We give a description of the sequence of
holomorphic invariants in the Cech-Hodge cochain complex that correctly mirror the sequence
of the Chern-Simons invariants present in the smooth picture for bundles.
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In section Bl a further application to equivariant theories, and more generally bundles on
simplicial manifolds, is worked out. Applying Ch to the stack [M/G], we obtain an induced
map of simplicial sets as follows.

Tot(Ch([M/G])) : Tot(HVB([M/G])) — Tot(Q2([M/G))).
We describe Tot(HVB([M/G])) more explicitly.

Proposition 5.3. The simplices of Tot(HVB([M/G])) have the following interpretation.

(1) A 0-cell in Tot(HVB([M/G])) consists precisely of a G-equivariant bundle, E, with
connection, V, where V is not required to satisfy any condition with respect to the

G-action.
(2) An n-cell in Tot(HVB([M/G])) consists precisely of a sequence of G-equivariant bun-
dles, EO) ... E™  and G-equivariant maps, o, .. ., 0n_1,

B 2o, p) 21, 2, plv)

where each bundle E; — M has a connection V;, which are not required to satisfy any
conditions with respect to the G-action or the bundle maps.

The following corollary states that we can use the map Tot(Ch([M/G])) from equation
(5I) as a measure for the connection V to be G-invariant.

Corollary 5.5. Let (E,M,m,p,¢) be a G-equivariant bundle with connection V, which, by
proposition [ 3[), we may interpret as a 0-simplex in Tot(HVB([M/G)))o. If the connection
V is G-invariant, then Tot(Ch([M/G])) applied to this is zero in all positive holomorphic
form degrees.

There is also an infinity homotopy coherent version of all of this, where vector bundles
are replaced by derived families whose clutching functions fit together only up to an infinite
system of coherent homotopies. This relates to the work of [TTIl [OTTI], which in fact
motivated us and was the starting point of our project. Here, we have avoided discussing
this homotopy coherent generalization because the strict case is sufficiently rich by itself. The
homotopy coherent story, which will be discussed in a forthcoming paper, will be employed
to obtain invariants of the derived automorphisms of coherent sheaves on complex manifolds.
One foreseeable direction is to develop a commutative diagram of spaces where after applying
mo results in the classical Grothendieck-Riemann-Roch (GRR) commutative square. This will
extend the differential geometric discussion of GRR established by Toledo and Tong [TT1]
and with O’Brian J[OTT2] to the entire K-theory spectrum. It will also extend the GRR from
ordinary manifolds to the equivariant setting and more generally to simplicial manifolds in an
appropriate sense.

Acknowledgments. We would like to thank Domingo Toledo for email correspondences and
informing us of his paper with Tong on Green’s work [T'T2]. While Green’s work does not
enter this paper, it will be relevant to our forthcoming work on a homotopy coherent version
of the discussion here. We also would like to thank Dennis Sullivan for numerous valuable
conversations about the local formulae for characteristic classes. Mahmoud Zeinalian would
also like to acknowledge a conversation with Julien Grivaux regarding the work of Toledo and
Tong, as well as Green’s work, on simplicial vector bundles and the Chern character. We
would like to add that the forthcoming results of his student, Timothy Hosgood, on simplicial
connections and the Chern character are entirely independent of our work. Mahmoud Zeinalian
would like to thank the Max Planck Institute and Université Paris 13 for their hospitality during
his visits.
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2. A MAP OF SIMPLICIAL PRESHEAVES Ch

In this section, we define two simplicial presheaves and a map between them. First,
HVB(U) = N(HVBY (U)) is the nerve of holomorphic vector bundles on a complex mani-
fold U and, second, (U) = DK (Q,(U)[u]*=?) is the Dold-Kan dual of holomorphic forms
on U. We produce a map Ch : HVB — Q of simplicial presheaves between those, which we
will show in section [ to be closely related to the Atiyah class.

Definition 2.1. We start by defining the functor HVBY : CMan® — Cat; of holomorphic vec-
tor bundles with connection of a complex manifold. For a complex manifold U € Obj(CMan),
denote by HVBY (U) € Caty the (large) groupoid whose objects are finite dimensional holomor-
phic vector bundles £ — U over U together with holomorphic connection Vg on E, and whose
morphisms f € HVBY(FEy, F;) consist of holomorphic bundle isomorphisms f : Ey — FEj,
which need not to respect the connections Vg, and Vg, in any way. Any map of complex
manifolds ¢ : U — U’ induces a functor HVBY (¢) : HVBY (U') — HVBY (U) via pullback,
so that we have a functor HVBY : CMan®? — Cat;. Composing HVBY with the nerve
N : Cat; — Set;y™” thus gives a simplicial presheaf, ie., a functor HVB := N o HVBY :
CMan? — Sety>™.

Next, for a complex manifold U € CMan, we consider the algebra Q} ,(U) of holomorphic
differential forms on U, and thus have a cochain complex 0 ,(U)[u]*<?, which becomes a
simplicial set after applying the Dold-Kan functor.

Definition 2.2. For a complex manifold U € Obj(CMan), consider the (non-negatively
graded) cochain complex of holomorphic forms Q3 ,(U) on U with zero differential d = 0.
By definition Q8 (D)[u]*=0 = Q(Q,(U)) is a chain complex with zero differential, and,
by theorem the Dold-Kan functor yields a simplicial abelian group DK (£} ,(U) [u]*<0),
which we think of as a simplicial set, Q(U) = DK (Q},,(U)[u]*<°). Since holomorphic forms
pull back via a holomorphic map ¢ : U — U’, this assignment defines a simplicial presheaf
Q: CMan® — Set®™ by @ := DK(Q _,(-)[u]*<?) : CMan? — SetA™.

Q. - O O
0 CMan® T2 ept 9y onm 25 apA”T T, SerA”

The main goal of this section is to obtain map of simplicial presheaves from HVB to €,
i.e., a natural transformation Ch: HVB — ().

Definition 2.3. We define the Chern character map Ch : HVB — €2 by defining for each
complex manifold U € Obj(CMan) a map of simplicial set Ch(U)s : N(HVBY(U))s —
DK (Q3,,(U)[u]*=C)s explicitly for each simplicial degree k, as follows.

k = 0: A 0O-simplex in the nerve N(HVBY (U))o is an object of HVBY (U), i.e., a holomorphic
vector bundle £ — U with holomorphic connection Vg. To this data, we need to
assign a O-simplex in DK (Q8 ,(U)[u]*=?)o. This amounts to associating to (E — U, V)
a polynomial of holomorphic forms wy + wau + wsu? + --- € QF,(U)[u]’, where each
w; € Q4 (U). We define Ch(U), by mapping E to the constant function dim(E), the
dimension of the fiber of E, without any higher u-terms. As a short hand, we write
Ch(U)o(E) by labeling the 0-simplex by dim(E):

edim(F)
k=1: A l-simplex in the nerve N (HVBY (U)); consists of two holomorphic vector bundles

Ey — U and E; — U with connections Vg, and Vg, and a bundle isomorphism f :
FEy — E1, which may not respect the connections. To this data, we assign a 1-simplex
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in DK (Q3,,(U)[u]*=%);, which is a chain map from --- — 0 =< eg1 >—< eg,e1 >—
0 — ... (in the notation from example [B.2)) to Q3 ,(U)[u]*<". Assign to ey and e; the
dimensions dim(Ep) = dim(E)), thought of as elements in Qf_,(U)[u]’, and assign to
eo,1 the trace tr(f~1Vyo(f)) - u € QF,,(U)[u]~t. Here, Vi is the induced connection
of Vg, and Vg, on Hom(FEy, E1). Note that tr(f~1V10(f)) -u € Qhol(U)[u]_l has no

higher powers of u. Informally, we write the chain map Ch(U);(Ey ER E1) : N(ZAY) —
Q3 ,(U)[u]*=C by labeling the interval as follows:

dim(E)p) tr(f~1Vio(f)) - u  dim(Ey)

k> 2: A k-simplex in the nerve N (HVBY (U)); is a sequence of holomorphic vector bundles
Ey, ..., E, with holomorphic connections Vg,,...,VEg,, and holomorphic bundle iso-

morphisms Fj Q E fi Nﬁ) E} not necessarily respecting the connections. For
0 <p < ¢ <k we denote by fq, : E, = E4 the composition f, ), := f,0---0 fpi1, i€,
E, fﬁl E, fﬁz ‘e fi E,. Now, to a k-simplex in the nerve we assign a k-simplex in
DK (9 ,(U)[u]*=")), which is a chain map N(ZA¥) to Q}_,(U)[u]*<C. The generator
e; of N(ZAF), where i =0, ..., k, gets assigned dim(E;) € Q3 _,(U)[u]’. For £ > 0, the
generator e;, . ;, with 0 <ig < --- <4y < k gets assigned to the following element in
Q]”LO[ (U) [’LL] _év

(2.1) tr( ;;710 0 Vigip_y (fimzﬂ) 00 Vi (fiz,h) ° Viyig (fihio)) : uea

where V,, is the induced connection on Hom(E,, E;) via the connections Vg, and
Vg, Informally, we picture the chain map Ch(U)x(Eo Lt E, EL S Ey) :
N(ZAF) — Qf (U)[u]*=? by labeling the cells of a k-simplex with the terms from

(21). For example, for the k = 2, and the 2-simplex Fj EN E1 % F5 in the nerve
N(HVBY(U)), we get

tr(f'Vi0(f)) - u tr(g'Va1(g)) - u

2

tr((gf) " Va,1(9)V10(f)) - u

dim(Ep) tr((gf)"'Vaol(gf)) - u dim(Ej)

In the next theorem we show that this assignment is well-defined.

Theorem 2.4. The assignments from definition [2.3 give a map of szmplzcml presheaves Ch :
HVB — Q, i.e., a natural transformation of functors CMan® — Set;”

Proof. First, we show that the assignment defined by (2] is well-defined, i.e., it indeed

gives a chain map N(ZAF) — Qf (U)[u]*<". The differential in N(ZAF) is d(e;,,. ;) =

St _(=1)e,  ~ . while the differential in Qf (U)[u]*<° vanishes, d = 0, by our choice
7=0 LI T I ) hol

of taking the zero differential in Qf ,(U), cf. definition We thus have to show that the

images of E o(—1) €t also vanish. This image is given by

ut [tl‘ <fz;i1 © Vi (fil,il—1) 00 Vi (fiQ,il))
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-1
. < - . -
+ Z(_l)] ’ tr( igyio © Vie,ieﬂ(fie,ieq) Or---0 vij+17ij71(fij+1yij71) ©---0 vilﬂ'o(fil,io))

j=1
+ (_1)6 ’ tr< ~i;,lm'o © Vig_1igs (fithizfz) 00 vihio(fil,io))] .

Igsing theNLeibniZ propert}i Vijﬁ»lyijfl (fin’ijA) :Nvijﬂ,ij:l (fijfl,ij Ofij,ij:l) = Vijthij (fig+17ij)0
fijijoa+fiji0;°Vig ;o1 (figi;-, ), together with zﬁl = firio© zﬁo and i:l,io = zﬁo O figi_1s
and the cyclic property of the trace, shows, that the above terms indeed vanish.

Finally, we note that Ch is a map of simplicial presheaves, i.e., a natural transformation.
For a morphism ¢ : U — U’ the induced simplicial sets are all given by pullback via ¢, and
equation (2.I]) respects pullbacks. O

3. CHERN CHARACTER INDUCED VIA TOTALIZATION

Not every holomorphic vector bundle £ — M over a complex manifold M admits a holo-
morphic connection, and thus will not be an object in the category HVBV(M ) of holomorphic
vector bundles with holomorphic connections. However, we can cover the underlying complex
manifold by open sets such that each restriction of the bundle to an open set has a holomorphic
connection. By taking the limit of such a cover, we obtain a Chern character map associated to
E. In fact, when taking limits, the holomorphic Chern character as defined by Atiyah can be
recovered as the 0-simplex part of this Chern character map, while higher simplices naturally
yield higher Chern-Simons forms.

3.1. Totalization of Ch. We begin by describing the category of covers Covys of a complex
manifold M € Obj(CMan).

Definition 3.1. Let M € Obj(CMan) be a complex manifold, and denote by Open,,; :=
{U € M : U is open} the set of all open subsets of M. By definition, an (open) cover U of M
consists of an index set I, and a map a : I — Open,; such that | J;.; a(i) = M. We also write
this as U = {U; }ier for U; = «(i). Next, we make the covers of M into a category Covys by
letting the objects of Covys consists of covers of M, while a morphism Covpy (U, U") consists of
amap f: I — I' such that « = o/ o f,

I a
FL 7 Openy
Il //}
«
There is a functor N : Covyr — CMan®” called the Cech nerve of a cover, which we define
now. Let U = {U,}icr be a cover, and denote by Uj, ;. := Uiy N--- N Uj,. Then, define the
simplicial manifold NU by setting the k-simplices of NU to be the disjoint union of the k-fold
intersections, i.e., NU} := Hio,---JkEI Ui,...ir- Then NU : A°? — CMan is a simplicial complex
manifold with face maps d; : [1; ;<1 Uig,...ix = Hz’{),...,i;%el Uy,...i;,, induced by the inclu-
nc

— U, ~ . and degeneracies s; : Hio,...,ikel Uio....ir, = 1L

sions U;, L ; U ..it
00550 050yl sees 0 erlgo 1 €1 7 H0r

k

induced by the identity maps Uj,,.. i, El) Usio,...rijsigsesin: Indeed, all the simplicial identities

follow by a direct check. Below, we will slightly abuse notation by considering NU both as
NU : AP - CMan and NU : A — CMan®P.

Proposition 3.2. Let M € Obj(CMan) be a complex manifold, and let U = {U;}icr be an
open covervof M. Composz'@g NU : A — CMan® with HVB vyields a cosimplicial simplicial
set HVB(NU) := HVB o NU : A — CMan® — Sety>™. Similarly, composing NU : A —



8 C. GLASS, M. MILLER, T. TRADLER, AND M. ZEINALIAN

CMan? with § yields a cosimplicial simplicial set QNU) = Qo NUY : A — CMan” —
SetA” . Furthermore, composing Ch with N(U) yields a map Ch(NU) : HVB(NU) — Q(NU)
of cosimplicial simplicial sets.

Proof. This follows from Ch : HVB —  being a natural transformation by theorem 2.4l com-
posed with NI/, resulting in Cho N/ : HVBoNU/ — Qo NU, which is a natural transformation
of functors A — Set;>”. O

By proposition B.2] both HVB(NL{) and Q(NL{) are cosimplicial simplicial sets. We may
thus apply the totalization. The relevant definitions for the totalization can be found in
appendix [Dl

Corollary 3.3. Given a complex manifold M with a cover U = {U;}ier, the map Ch(NUY) :
HVB(NU) — QNU) is a map of cosimplicial simplicial sets, and thus induces a simplicial
set map on the totalization, i.e., a map

(3.1) Tot(Ch(NY{)) : Tot(HVB(NU)) — Tot(Q(NU)).

Applying the totalization to the cosimplicial simplicial set HVB(NZ/{ ) gives, by definition,
a simplicial set Tot(HVB(NZ{)). The 0-simplices of this simplicial set are given by arbitrary
holomorphic vector bundles E on U; together with choices of local holomorphic connections
on each open set U; of the cover U, as stated more precisely in the next proposition.

Proposition 3.4. Let U = {U;}icr be an open cover of a complex manifold M. Then, the
0-simplices of Tot(HVB(NU)) are given by a choice of holomorphic bundles E; — U; with
holomorphic connections V;, and holomorphic bundle isomorphisms g; j : Ej|u, , — Eilu, ; (not
necessarily respecting the connections) satisfying the cocycle condition 9i,j|Ui,j,k ) Qj,k|U¢,j,k =
9iklu ;. on Ui jk, as well as g;; = idg,.

Proof. First note that, by definition, Tot(HVB(NY)) is a simplicial set, which is determined
by a product [[jncobja) (HVB(NUZ))N of simplicial sets, whose k-simplices consist of sim-
plicial set maps H[Z]eObj(A) SetiA” (AY x A¥ HVB(NU,)). Thus, a 0-simplex is given by
a sequence of simplicial set maps Af x A® — HVB(NY,) for £ = 0,1,2,.... Since each
such map is determined by its image on the unique maximal non-degenerate (-simplex, this
amounts to a sequence of elements in HVB(NU),, i.e., a holomorphic vector bundle E with
holomorphic connection on Nify = L1, Ui, two holomorphic vector bundles Ey, By with holo-

morphic connection over Nif; = 11 Ui,,i, and a morphism f : Ey — F; not respecting the

10,81

connections, three holomorphic vector bundles Ey, E1, E» with holomorphic connection over

Ny = ]_[Z-O’Z-l’i2 Uiy ,i1,i» and morphisms E, & o Q F5 not respecting the connections, etc.
However, in the totalization, this data is not independent.
First, consider ¢ : [0] — [1], ©(0) = r, where 7 is 0 or 1. Use ¢ from to map the £ =1

component Ej ER Ej to the ¢ : [0] — [1] component, which gives the bundle E, interpreted as
a simplicial set morphism A® x A® - HVB(NU/,). On the other hand, using 1) from to
map the £ = 0 component E to the ¢ : [0] — [1] component gives (I[; ;, Ui,i, LU (B,
i.e., the pullback of F under the inclusions inc, : U, ;, < U;,. Since these coincide in the
equalizer, we see that E, is just the pullback of F under the inclusion inc,. Writing F = L E:
over [[, U;, we see that Ey = Hio,h EiO‘UiO,il and F; = Hio,il Eil‘UiO,il' Similar arguments

show that all higher E:,-, ﬁz ..., are pullbacks of E' under inclusions mapping Uy, .
obtained by considering the component p : [0] — [m],0 — r.

— UZ’T.,

-tm
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Next, considering components p : [1] — [m], p(0) = r,p(1) = s, for some 0 <7 < s < m,

shows that all morphisms f], .., are induced by pullbacks of f : Ey — F via inclusions. In
particular, if we write the map f : iy, Biolvigs, = iy Eirlus, s, In (zo,z})-corr}ponents as
F=11. . Girip, where gi, 0 : Eilvs - — Ei| then the 2-simplex Eo 23 By 23 By on U

- i07i1 g’ll,l()? where g’ll,lo . 20 Ui()vil 1 Uio,i17 en € _Slmp €xX 0 1 2 on 2
from ~above is given by fo = I_L.O’Z.M.2 gil,i0|Ui0,i1,i2 : ]_[2.072.171-2 Ei0|Ui0,i1,i2 — Hio,h,iz Ei1|Ui0,i1,i2
and fi = I—Iio,il,iz gi2,i1|Ui0,i1,i2 : Himimz Ei1|Ui0,i1,i2 — ]_L.M.l’i2 Ei2|U¢0,¢1,¢27 while the compo-
sition f1 o fo = Hio,il,iz g"%iOIUio,imz : Hioﬂ'lﬂ'z EiO’Uio,iLiz - Hioﬂ'lﬂ'z Ei2‘Uio,i1,i2’ Therefore,
the functions {g; ; }i ; satisfy the cocycle condition gi,, © ¢i,,iy = Gis,i, OD triple intersections
Uiy.ir.in» and we may thus interpret the {g; ;}i jer as transition functions for a global holo-
morphic vector bundle on M, so that on the cover U we have locally chosen holomorphic
connections.

Finally, we note that there are no further higher conditions, since the higher restrictions on

the (-simplices in HVB(NU), coming from (D.I) are implied by the cocycle condition; see
figure B.11

gi, kl
Gi i E‘Uz]k Ekle]kl E‘Uzjkl
4 B ..
E; EJ|Ui,j — El|Ui,j 4!
g]7k|U1]k i,J 1]k gk €| 17]|
gj, k|
Exlu, 0 — Eilv,,p Bdupe —— Ejlu
9ik|U; .k gj.el.

FIGURE 3.1. Higher relations in Tot(HVB(NU))g are induced by the cocycle condition

This completes the proof. O

Although not all holomorphic vector bundles admit a holomorphic connection, this is cer-
tainly true locally.

Lemma 3.5. If 7 : E — M is a holomorphic vector bundle over M, then there exists a cover
U = {Ui}ier of M such that for each i € I, the restriction E|y, — U; has a holomorphic
connection. In particular, each holomorphic vector bundle with such a choice of cover gives a
0-simplex in Tot(HVB(NUY)).

Proof. Choose a local trivialization {1; : D; x C* — E};c; via trivial holomorphic bundles
D; x C* — D;, where D; C C™ is an open disk. Then, the holomorphic connection 9 =
>k dzk% on D; x C% — D; can be transported to a holomorphic connection on E It () —
Ui = 7(E|tm(y,;)) via pullback by Pt

The last statement follows by proposition [3.4] O

The importance of the above map of simplicial sets is that for O-simplices we recover the
Atiyah’s Chern character, cf. [A].

Proposition 3.6. The map from B1) on 0-simplices coincides with the Chern character of a
holomorphic vector bundle as defined by O’Brian, Toledo, Tong in [OTTI1] applied to the strict
case. More precisely, for a 0-simplex given by the local data ({E; — U;,Vitier,{9ij}ijer)
from proposition[37), Tot(Ch(NU))o maps this to the 0-simplex in Tot(QUNU))o, given by the



10 C. GLASS, M. MILLER, T. TRADLER, AND M. ZEINALIAN

following sequence of holomorphic forms on Hio,.. Ui,....i, for £ > 0:

s
(3.2) H tr((giévilfl ©-0 gilvi())_l © Vigig1(Gigie—1) @0 Vigig (gihio)) -t

10,-yi
Proof. By the proof of proposition 3.4} the 0-simplex of Tot(HVB(NY)) is a sequence of /
composable morphisms

Hgil,io Hgig,il Hgi(,i(,1
H EiO‘UiO ,,,,, i } H Eil‘UiO ,,,,, i P ’ H Eie’UiO ig?

,,,,,

for £ > 0, which do not (necessarily) respect the connections V; restricted to Uj, . ;,. By defi-
nition [Z3] and, in particular, equation (2.I]), Ch maps this to (2] on the top non-degenerate
¢-simplex of Tot(2(NU))o. O

Remark 3.7. Note that the map (B.I]) is producing not only the Chern character via the Atiyah
class on the 0-simplices of Tot(HVB(NU)), but a host of Chern-Simons type invariants for
holomorphic bundles on the higher simplices. We will revisit these invariants in a future paper.

3.2. Totalization of cosimplicial non-positively and non-negatively graded com-
plexes. There is an even more explicit relationship between the formulae in ([B.2)) and the
map constructed in [OTTT]. To see this we will interpret the O-simplices of Tot(€2(NU/))
as a Cech complex with values in holomorphic forms. We first need to make some general
statements about the Cech cochain complex.

Definition 3.8. Let A be a presheaf of non-negatively graded cochain complexes on a manifold
M, and let U = {U,}icr be an open cover of M. We write A, ... ;, = A(Ui,... ;,,) and Af07,,, L=

7ZTL
AF(Us, ... i) for the degree k component, and write d 4 for the internal differential of A. From
this data, there are two ways to obtain a cochain complex.

First, we define the Cech cochain complex C*(U, A) of A for the cover U by setting
cru,A) = T Aiosins
i0, yin€l
where an element a € .Afom is of total degree |a| = n+k. The Cech differential 6 : C*(U, A) —
C*t1(U, A) acts on an element ¢ = {c;,.. i, Yio....iner € C*(U, A) with ¢;y. i € Ay, via

n+1
(3.3) (5(0))io,...,in+1 = Z(_l)j 'Cio...?j...inH’UiO ,,,,, i1
=0

Since 6% = dil =dy6 — dd4 = 0, we can take the total differential

(3.4) D) = 8(¢) — (—1)Fld.a(c)

on C™(U, A) wich satisfies D?> = 0. Furthermore, for two covers U = {U;}icr and U’ =
{U!,}ircr, and a morphism of covers f € Coun(U,U’'), there is an induced cochain map
c U, A) = C* (U, A), {%,...,ul}z'g),...,z'fneff = {Ct(i0),0sfim) Yioinels sinCC Ui iy = Ul s -
Thus, we have a functor C*(., A) : Cov] — Ch™T.

Alternatively, there is a cosimplicial non-negatively graded cochain complex A : A — Ch™
given by the assignment

A=A A — Cht
[n] o A = H AiO"'in

0, in€l
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In particular, A™® in degree k is Ak = Hmzn Afo---in' We may take the total com-
plex of A, denoted tot(A). Recall from (D.3]), that the total complex of A is defined as
tot(A) = @,, A™*[n], where A™*[n] is the cochain complex A™* shifted up by n and the
differential is as in (D.4). For two covers U = {U;}icr and U' = {U} }ycr, and a mor-
phism of covers f € Covp(U,U"), there is an identity map A(U}(io),...,f(in)) = AUiy....in),
which induces cochain maps Hié aer Aigin, = Tig e iner Aiowin, iy, i bip, iner
{cf(io),,,,7 f(in)}i07~~~,in€ 1, which assemble to a map of cosimplicial non-negatively graded cochain
complexes. Thus, tot(A) is also a functor Covyy — Ch™.

RTEN

The next lemma shows that the two constructions in definition [3.8] are naturally equivalent.

Lemma 3.9. Let U = {U;}ier be an open cover on a manifold M, A a presheaf of non-
negatively graded cochain complexes on M, and A be the cosimplicial non-negatively graded
cochain complex associated to A. Then there is an isomorphism tot(A) — C*(U,.A) from the
totalization to the Cech cochain complex .

Moreover, the isomorphisms tot(A) — C*(U,A) yield a natural equivalence of functors
Covlj — Cht.

Proof. An element of degree k in [], A%*[{] is a collection of elements ¢/*~7 € A%k=7[j], where
4 > 0. An element of total degree k in the Cech complex C*(U, A) is a collection of elements

k=i ¢ éi(U,A), where ¢/"F=J associates to an open set Uiy..i; an element k=i e A?O_""jij'

By definition, A¥77 is a factor in A7¥~J. Since the differential D in B4) and d in (D.4)

10°++15
differ by a factor (—1)I°*1, the cochain isomorphism tot(A) — C*(U, A) is given by ¢F7
PRI (R Iy .
(-1) 2 - ¢Pk=J_ This proves the first statement.
For the second statement, note that since a morphism of covers acts on the indices of the

collections in [[;  ; Ai i, and C*(U, A) in the same way (as described in definition B.5)),
these isomorphisms induce a natural transformation. O

n

Given a cosimplicial non-negatively graded cochain complex A € (Cht)A, we get a non-
positively graded cochain complex by applying the functor @ and taking totalization, Tot(QA);
cf. appendix Alternatively, we can take the total complex and apply the functor @,
Q(tot(A)). The following lemma shows that these two cochain complexes are equivalent.

Lemma 3.10. Let A : A — Ch™ be a cosimplicial non-negatively graded cochain complex.
Then,

Tot(EP Q(A**)) = Q(tot(4))
l

Proof. First note that by lemma [D.2] tot(A) = [], A“*[¢] is the equalizer
eq : HHom'(N(ZAZ), Ab*) = H Hom®(N(ZA™), A™*)
4] [m]—[n]

Since @ is a right adjoint, it commutes with limits. The equalizer is a limit, so the right hand
side of the equation can be re-written

Q (H Afv'[f])

¢

Q| eq: [[Hom*(N(zZAY), A>) = [ Hom*(N(ZA™), A™*)
[ [m)—[n]

= eq: [[QHom*(N(ZA"), A%) = [ QHom*(N(ZA™), A™*)

[ [m]—[n]
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Use the Hom-Tensor adjunction to rewrite Hom®(N(ZAY), A%®) as N*(ZA?) @ A%*, where
N*(ZA") is the normalized cochain complex on Af. Then
N*(ZAY) @ AY* @ Z[u]

(3.5) Q(Hom*(N(ZA®, A™))) = (N*(ZAY) @ AL @ Z[u])*>0

We compare this expression to

Tot @Q AZ. _eq H AE- A H Ano A™

[ J=[n]

By definition (Q(A%*))2" is equal to q(Hom'(N(ZAZ), Q(A%*))); cf. example[C.3item (6) on
page This, using the Hom-Tensor adjunction, we can write as

N*(ZAY) @ A2l

(36) QCh(N(ZA", Q(A))) = s
(N-(ZN) ® W)
We see that ([B.5]) and (B.6]) are equal, which proves the lemma. 0

Given a cosimplicial object in Ch™, denoted by A, we can apply totalization in (Ch™) to it
get an object in Ch™, and then apply the Dold-Kan functor to get a simplicial abelian group.
Alternatively, we can apply the Dold-Kan functor to every A%® to get a cosimplicial simplicial
abelian group, and then apply totalization in (Ab2")A to get a simplicial abelian group. The
next lemma says that these simplicial abelian groups are weakly equivalent.

Lemma 3.11. Let A : A — Ch™ be a cosimplicial non-positively graded cochain complex.
Then there is a weak equivalence of simplicial abelian groups

Tot (P DK (A**)) — DK (Tot(EP A™*))
l )4

Proof. First note that the functor DK is a right adjoint, so it commutes with all limits. Since
totalization is an equalizer of two maps, we get the following equalities:

K(Tot P A™*) = DK eq:H(AZv')N:; T (A"
¢

(4] [m]—[n]

= eq: [[DE((A“)™) = [ DE(A™)A")
[0 [m]—[n]

By definition, see equation (B.2)), the n-simplices of DK ((sz')N) is the set of morphisms in
Ch™ from N(ZA™) to (A“)AZ. Using the adjunctions between Hom and ®, we see that

(3.7) DEK((A%)A"), = Ch™ (N(ZA™), (A%*)A")
= Ch™ (N(ZA"™), q(Hom® (N (ZAY), A%*)))
= Ch™ (N(ZA") @ N(ZA"), A*).
On the other hand, consider
Tot (P DE(A™)) = eq: [[(DE(A%)2 = ] (DK(A™)~"
V4 (4]

[m]—[n]

By definition (DK (A“))N is a simplicial abelian group. Its n-simplices, by the definition of
the simplicial model category structure in example [C.2] are equal to

(DK (A“*)A"),, = Map(ZAY, DK (A%®)),
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= AR (ZA™ ® ZAY, DK (A%®))

= Ch™ (N(Z(A™ x AY)), A%*)
where the last equality follows from the adjunction between N and DK. We now use the
Eilenberg-Zilber map EZ : N(ZA"™) @ N(ZA%) — N(Z(A"™ x AY)), cf. [[, 1.6.11],
(3.8) EZ(ejy,...jp @ €io.....ig)

= Z Sgn(/‘) V) : (qu < Sy (ej07~~~7jp)7 Spp -+ Sm (ei07~~~,iq)),
(p,q)-shuffles (p,v)

where we used notation from example B.2l We note that EZ is a quasi-isomorphism with
quasi-inverse the Alexander-Whitney map (cf. [L, 1.6.12]). Thus, we get a map

(3.9) Ch=(N(Z(A™ x AY), A4%) 87 cp=(N(zAa") @ N(ZAY), A
This is exactly what we had in (3.7)), which completes our proof. 0

Lemma 3.12. Let F : Ab™” — Set®” be the forgetful functor and let A*® : A — Ab™” be
a cosimplicial simplicial abelian group. Then

F(Tot(EP A**)) = Tot (P F(A))
¢ 4

Proof. The proof proceeds similarly to the previous two lemmas, since the forgetful functor F
is a right adjoint, just as the functors Q and DK were. O

Combining the previous three lemmas, we obtain the following diagram of functors

(3.10) (Cnt)d —2o (cn)d 2K (4pAT)A T (SetAT)A
l tot l Tot l/ Tot l Tot
cht — 2% o DKL AT T s A

The left and right squares strictly commute, while the middle square induces a commutative
square in the homotopy categories of these model categories.

We want to apply the above to the holomorphic forms on a complex manifold M. Let
M € CMan with an open cover U = {U;}icr, and let NU : AP — CMan be the Cech
nerve, which is the simplicial manifold whose k-simplices are NUj, = Hm% c1 Uig,...ix- Thus,
applying holomorphic forms (with zero differential) gives a cosimplicial non-negatively graded

cochain complex Qf ,(NU) : A M cManr Q}ﬂ(') Ch™. Now, denote by Qf , the sheaf of
holomorphic forms (with zero differential). By definition B.8] there is a cosimplicial cochain
complex Q% : A — Cht, [n] — HZOM Q7 .,(Uiy....in)- Then these two cosimplicial non-
negatively graded cochain complexes coincide:

Proposition 3.13. In the notation above, the above two cosimplicial non-negatively graded
cochain complexes are isomorphic:

(3.11) hot(NU) = Q3.
After taking the totalization, we get isomorphisms of cochain complexes
(3.12) tot (27,5, (NU)) 2= tot(7) = C*(U, O}01),

where the differential on C*(U, Q) is & from [B3).
Furthermore, there is a weak equivalence of simplicial sets

(3.13) Tot(Q(NU)) = Tot (DE (%, (NU)[u]*=")) = DE(C* U, 25,)[u]*=")
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Proof. For ([B.I1]), note that the cosimplicial non-negatively graded cochain complexes map
[n] to the cochain algebra Qp ,(I1;, i crUio,.in) = iy, iner Qhor(Uio,...in) With the zero
differential. Equation [BI2]) follows from BII) and lemma 3.9 applied to Qp;; where the
total differential from @4) D = & on C*(U,Q},,), since we have set the cochain differential
to be zero. Flnally, BI3) follows via lemmas B10, BIIl, and BI2] or, in other words, follow
3, (NU) = Q% around the diagram in (3.10):

Tot (DK (2, (NU)[u]*=?)) = Tot(F(DK(Q(275)))) = F(Tot (DK (Q(25:))))
— F(DE(Tot(Q(2}7)))) = DE(Q(tot(2}))) = DK (C* (U, 2,4)[u]*=’).
This completes the proof. O

Corollary 3.14. Using equations [B.1) and (BI3]), we thus have a map

(3.14) Tot(HVB(NU)) Tot(Q(NU)) GBI DE(C*U, 8, [u]*=Y).

3.3. Computing Tot(Ch(NW/)). In equation (3I4]), we obtained a map Tot(HVB(NU)) —
DK (C*(U, Q) [w]*=). In this section, we give an explicit description of this map. We first
state a more explicit description of n-simplices of Tot(HVB(NY)), extending the statement
from proposition [3.4

Tot(C_)h(NZ/{))

Proposition 3.15. Let U = {U;}icr be an open cover of a complex manifold M. Then, the n-

simplices of Tot \ are given a choice of n+1 many holomorphic bundles E.”7’ —
plices of Tot(HVB(NU)) are given by a choice of n+ 1 many holomorphic bundles E\”

Ui,... ,EZ-(n) — U; (for each i € I) together with holomorphic connections VEO), . ,Vgn), re-
(p) . E(p)’
i.j

respecting the connections) satisfying the cocycle condition gZ(J ’Uz; . j i ’Uz; y = g ’Uz; L 0N
(» _

spectively, and holomorphic bundle isomorphisms g, E(p )’Uz y (not necessarz'ly

Ui jk, as well as i sz_(p). Moreover, there are bundle isomorphisms fP : E-(p 1) — E( ?)

over U; (also not necessarily respecting the connections), satisfying ff‘Ul-,j ogZ(J_ ) = g” fp]UZ S
Proof. Tot(HVB(NUY)) is a simplicial subcomplex of H[z]eObj(A)(HVB(Nuf)) , which is a
simplicial set whose n-simplices consist of elements [[iyconja) S ety A" (AL x A" HVB(NU,)).
Thus, an n-simplex is given by a sequence of simplicial set maps Af x A" — HVB(NL[Z) for
£=0,1,2,... satisfying certain conditions.

First, for fixed p € {0,...,n}, consider the map p, : [0] = [n],pp(0) = p. Then, an n-
simplex of Tot(HVB(NY)) gives rise to 0-simplex of Tot(HVB(NU/)), via the composition
Al x A P AL AR HVB(NUY,). By proposition B4 this 0-simplex is given by a
sequence of vector bundles EZ-(p N U, with a holomorphic connection V® and bundle maps

gl(’;) satisfying the cocyle condition.

(p)
E® EP|y, .g’(j)E.(p)l s p)|U”k€p d s
i j Wi i Uiy gp)‘ L]k/\ \g( lu Uise g(P)| / }(p)( /éz(g)|
E}gp) ”(b) E(p) Vs Eép) Usis _ ik E(p)| Ussie
9i kUi j 9]74

On the other hand, when £ = 0, the map A x A — HVB(N{IO) is determined by its image
on the maximal non-degenerate n-simplex of A x A™ in HVB(NU),,, i.e., by n vector bundle
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isomorphisms over U;

E(2) noon 7 ),

EO 5 gl S L o

where the EZ-(p ) coincide with the ones from above, since they are the images of A? x A0 —

A% x A", Now, the gi(s-) and fP commute as follows:

-1
(p—1) “J (p—1
Ej |Ui,j Eip )|Uij

which can be seen by considering the image of two maximal non-degenerate 2-simplices of

AL AL @XPp AT AR HVB(NUy) with p,, : [1] — [n], pp(0) = p—1, p,(1) = p. The equalizer

(»-1)

ij29i;  and

condition of the totalization shows that these two 2-simplices have faces f7|y, S h?

(I;)7 hE s f7|v,.4, respectively.

For example, in the equalizer (D.1)), the p = & : [0] — [1] component A®x A" — HVB(NU)
receives an output from ¢ via the component Al x A™ — HVB(NU; ), and it receives an output
from 1) via the component A? x A" — HVB(NU,), which must coincide.

AP AL AR S lso
T ) e s s
Now, the image of the 1-simplex ([1] 2% [0],[1] 2 [n]) € A® x A" is, by definition, the
1-simplex [, EZ-(p_l) Hi{ip 11 EZ-(p) in HVB(NUy);. Under 1, this maps to the (g : [0] — [1])-
component A? x A" — HVB(NY;), which maps the l-simplex ([1] 2% [0],[1] 2 [n]) to
1., Ej(p_l) Hi,_j>ff
simplex (2] 2 [1],[2] 2% [n]) € Al x A", where A,(0) = p— 1,A)(1) = p — 1,\,(2) = p.
Assume that this gets mapped to Ej, g, E; N E} in HVB(NU;)2. Note that the Oth face
of ([2] 2 (1,121 22 [n]) is in fact ([1] 7°25%°°% (1], [1] %5 [n]), which thus gets mapped
to Ff 1, EY in HVB(NU;);. Now the map ¢ into the (6 : [0] — [1])-component maps
Al x A" % HVB(NU) to A® x An ©05 Al x A" % HVB(NU,), so that it maps ([1] 2
[0],[1] % [n)) — ([1] 20og0 1], [1] % [n]) — E; E2 Since the images of ¢ and 1 coincide, we

i I
]HE

I ; EJ(»p ) (suitably restricted to U; ;). On the other hand, consider the 2-

obtain that the Oth face EY} ER Ej of the above 2-simplex equals [, ; E(p n 1

(p—1)
) i 9y (r—1)
= H” Ez'p

similar argument shows that Ej A B equals [, ; E; (P
1 .
This shows that f|y, ; o gz(l; ) = h‘;’-’ =g j) o fp|U - as claimed.
Finally, we note that there are no higher relatlons since all higher cocycle conditions follow
from the ones on the 1-simplices (cf. figure B.2)).
This completes the proof of the proposition. O
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0
( ) ( )|U’L .k
0
9 (0, / \fo,-) N
EO EOly,, -3 B0y, 95k |, Uik
E(O) (O)I E(O)
k |Uz‘,j,k 11| Ji,k Ui 58 4 |Uz‘,j,k
fj i’i,j,k
fi1 f]1|Ui,j fil U; i (1) 1
kaUi,j,k E | Ui jk fi |Ui,j,k
(1) (1) (1) alo, / an
Ei E |U1] ?) EZ |Ui,j (1) k (1) '
9i,j B 1) E Ui
9.k |Ui,j,k

FIGURE 3.2. Higher relations in Tot(HVB(NX)),, are induced by the condi-
tions on the 1-simplicies

We now use the data from the previous proposition to express Tot(Ch(Ni/)).

Proposition 3.16. Using the description from proposition[3.15, the map of n-simplices Tot(Ch(N)),, :
Tot(HVB(NL{)) — DE(C*(U,Q5,)[u]*<0),, is given by mapping the generator e;, ;. for
0<jo<-<jp<n of N(ZA™) to the cochain clo-Ir) € C*(U, Q3 ) [u]*<C defined as

()i gy =P ()T 3T (e
0<51<52<---<5, <4
. o . -1
<(gl(zi)ffl : gfj:+17 JP)fZ(S‘]ppJp 1 f(]27]1)(gl(52 7)152 17 gfjllilylﬁl)f‘(];’]()) (gl(gf?lﬁl 17 gfg?l)lgf‘lj?l)o)>
. V(g( ip) ). V(g(]p) )V(f-(]p’]pfl)) (f(]lJO % (g(Jo) ). V(Q(Jo) )v(g(Jo) )}
105001 : 7,~,p+1,7,5p lsp /0T 151 sy 5051 —1 : 12,11 11,207 |

where fi(b’a) = fib 0...0 fia+1 . E@ Ei(b), fi(a’a) = z'dE_(a) appears precisely at the position

(2

S1,...,5p, V is the induced connection on the appropriate Hom(E.('),E.(')), and everything is
suitably restricted to Uy,

e
Proof. We follow the sequence of maps (cf. (3.12)) and (3.13)))

Tot(Ch(Nu))n

Tot(HVB(NU)),, Tot (DK (5, (NU)[u]*=?)),,

lemma M(Tot( ;LOI(NZ,[)[u]OSO))n

lommas
— DE(C*(U, 2,)[u]*="),

An n-simplex in the simplicial set Tot(HVB(NL{)) consists of a sequence of n-simplices
in N(HVBY (Nt4p))A for £ =0,1,2,... (where N, = [i....i, Uioy.oiy)s L€y In Set}A” (A" x
AL N(HYBY (NUp))). In partlcular using the notation from example [B.2] and proposition
B.I5] the p 4 ¢ simplex (Su, .- 51 (€jo,...ip) s Spp - - - Spr (€ig,.iig)) DA™ X A’ gets mapped to
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compositions of gg-) and f] restricted to NU,.

1 Lo ) 1 :
S )
7l dl |5 | AN
EZ(T) . T o . - | \ .
1 l 9. l \L \L

This map is exhibited in the following few examples:

(er,eo)n—>]_[EZ.(’") (soer—1,r5S1€01) (s250€r—1,r,51€0,1,2)

el 11 Lol 1s e
€r_1s T —> ‘ ) ° —> o e
(er—1,,s0€0) = [1 f] (e = o) (o 2 o e F e

(s1€r—1,r, S0€01)

L e
(o — o

°)

Now, applying Tot(Ch(NZ{)) means to apply Ch to each simplex in the nerve N'(HVBY (NUy)),
i.e., we apply (2.I]) to composable morphisms. In the above examples, we thus obtain (on Uj,
Ui j, and Uj ; 1, respectively):

(er,e0) — dim(E™) (soer— 17“731601) [ (323067“—1,7“73160,1,2)
r r r (r—=1)
(er—1,r+ 500) (Fral ) 1Vf ng Y] b tr((gl) gl )
Hu-tr[(f[)_IVfi"] (s1ep— 1T,30601)n—>u2 tr| ngVf]"Vg](-’k )]

() £1) "' Vg )V f1]

Next, by lemma B.IT, we map this into DK (TotQ ,(NU)[u]*<?), whose n-simplices are
given by cochain maps in Ch™(N(ZA"™) @ N(ZA®), Q8 ,(NUy)[u]*<0) for £ = 0,1,2,...; cf.
equation ([B77). We obtain these cochain maps by applying the Eilenberg-Zilber map (B.8]).

More precisely, to a generator ej, . j, ® €;,...i, of N(ZA™) ® N(ZAZ) we assign the sum over
all (p, q)-shuffles.

er @ eg — dim(E™) er—1, ®eor — u? - { er—1,r @ €0,1,2
er 1,0 ® €0 —tr[(ffgf’; NIV edd (el el )
- te[(fT) IV +rl(g) 11 gV Vo VI Vg](;k Y]

+ two other (1,2)-shuffles}

Thus, ej,,....j, ® €,...i, (for p+¢q > 0) gets mapped

(3.15)
€josmrrip © Cigyig Fr UPT- > sgn(ps, v) - tr[((hpsg—1 -+ ho) ' Vhpig-1... Vho)],
(p,q)-shuffles (p,v)
where for m € {1,...,p} the hy,,, are “vertical maps” ff’"“ 0-:-0 !}"ij”ﬁ'1 = fi(jm“’jm) for some

i, while all other h,, are “horizontal maps’ g(]m) for some m, i,

Now, applying lemma 310l (and in partlcular lemma[D.2)) shows that we only use the highest
non-degenerate generator e;, i, € N(ZA®)_, to map to Q3 ,(NUy) (since the images of the
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iy of N(ZAY) are induced via the equalizer condition from N(ZAY); see
lemma [D.2)). We thus land in

DE (406(52 (NU)) 1] *<*),, = C~ (N (ZA"), €D O [T v ) =),
£>0

1050040

lower generators e;, . ;

where a generator ej,, .. ;, of N(ZA™) maps to the /-component, by taking the image of e, ;, ®
€io,....i, under (315, 1.e.,
Cjonngpy = WP YT g, v) - tr[(hpaeer - ho) T Vipreot .. Vo)),

(p,Z)—shufﬂes (MV)

Now, for a given sequence of indices i, ...,y and a (p, £)-shuffle (u, v), setting 0 < §1 := g <
Spi=pp — 1< <5, 1= p, —p+1 <4, it follows that the “vertical maps” are precisely at

Py, , while the “horizontal maps” are all other h, = gl(]”;) for appropriate m, T

(cf. figure @.T). Note from (B.I), that the sign above is precisely Sgn(/h V) = (—1)+Fs, A
final sign comes from the isomorphism tot(Q ;(NU))[u]*<0 — C*(U, Q3 ;) [u]*=" as in lemma

_ f(jmvjmfl)
= 'sm

. . (=p)-((=p)+1) (p—1)
3.9 where we multiply by a sign (—1) R (—1)p "3, since the degree |€50,....jp] = —D-
This shows that we get precisely the terms described in the proposition, and thus completes
the proof. O

In particular, for O-simplices we have the following interpretation.

Remark 3.17. Since for any non-positively graded cochain complex C' € Ch—, DK (C), is a
simplicial set, whose 0-simplices has as its underlying set DK (C)o = C?, we see that

DE(C*(U, )[u]*=*)0 = (C*U, o))" = (D C WU, )
>0
Given a 0-simplex of Tot(HVB(NUY)) via the data from proposition 3.4} this thus maps under
(BI9) to the Cech-de Rham forms ¢ € @, C*(U, Q% ), with

Cig,onip = tr((gil,io)_lv(gil,ig,l) e V(Qn,m))-

These are, in fact, the classes that were given by O’Brian, Toledo, and Tong for the Chern
character, cf. [OTTI, p. 244]. Recall that the cohomology of C*(U, Q2 ;) with the Cech differ-
ential (and zero as internal differential) is, by definition, the Hodge cohomology Hy; ;.. (M) of

M € Obj(CMan), i.e., that Hyg (M) = H*(C*(U, ), ).

4. RESTRICTING TO PRODUCT BUNDLES WITH CONNECTION O

In the previous section, we gave a map Tot(Ch(NY/)) : Tot(HVB(N/)) — Tot(Q(N/)) =
DK(C*(U,Q3,,)[u]*="). In this section, we define a variant of this maps on a new domain
(namely CMan?”" (NU[*), BG)), which is capable of encoding any holomorphic vector bundle
in some sense (see remark [£.7)), and we produce a commutative diagram

(4.1) CMan®” (NU[*), BG) —— Tot(HVB(NU))
l lTot(Ch(NZ/{))
DE(C* U, 2,,)[u]*=") Tot (Q(NU))

which represents the map Tot(Ch(N/)) on CMan®” (NU*, BG).
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4.1. A sub-simplicial presheaf of HVB. In this section, we deﬁne the top horizontal map
of [@I). We start by defining the cosimplicial simplicial manifold Nz/!*l.

Definition 4.1. Let U = {U;};cr be a cover U € Covyy; see definition Bl We first define the
cosimplicial cover U[*) : A — Covys. For fixed n, define the the index set I := {(i,7) : i €
1,0 < j < n}. For convenience we will use the notation i¥/) = (i, j) for the indices in 1. Then
define the cover Y = {U;» }s)epm by letting the open set Uy := alM(i0)) .= U;, where
ol 1M — Open u determines the cover as in definition B.Il In other words, U (] is obtained
by taking n+ 1 many copies of the original cover /. We can make this into a cosimplicial cover
by assigning to a morphism p : [n] — [m] in A the cover morphism U*(p) € Couvp (UM, UM)
given by f, : I — 10ml £,(i0)) = i(U)) | for which clearly ol™(f,(i))) = U; = alMl(i0)).
Note that U (p o p') = Ull(p) o Ul*)(p'), so that we obtain the claimed cosimplicial cover
Ul A = Couyy.

Now, composing U® : A — Covy; with the Cech nerve N : Covpr — CMan®” from
defintiion Bl yields the cosimplicial simplicial complex manifold N(/[* : A — CMan®”".

The next proposition gives a more conceptual way of thinking about Nz/!*!.

Proposition 4.2. There is a functor F : CMan®"" — ((CManAop)A such that F(NU) =
Nyl
Proof. Consider an object X = X, € CMan®" which assigns to each [(] € A a complex

manifold X,. Then F(X) is a functor F(X) = F(X)* : A — CMan?"[n] — F(X)", where
F(X)" =F(X)J: A? — CMan, [¢] — F(X)} is defined to be

FX)p= [ X
oeSet([4],[n])

Here, Set([(],[n]) denotes all set maps from [¢] to [n]. For a morphism o € A([k],[(]), we
define F(X)" (o) : F(X)} — F(X)} to be

X, F(X)"(a) I X,
oeSet([0],[n]) T€Set([k],[n])

(o € Set([4],[n]),z € Xy) — (0 oa € Set([k], [n]), X (a)(z) € X) .

With this definition, F(X)"™ becomes a simplicial manifold.

Next, we show that F(X)® is indeed a functor F(X)® : A — CMan®". In fact, for a
morphism S € A([n], [m]), define the natural transformation F(X)(5) : F(X)" — F(X)™ of
functors A? — CMan by the sequence of maps F(X)(5), : F(X)} — F(X)}",

I X FX)B)e, 11 X,
oeSet([0],[n]) T€Set([€],[m])

(o € Set([4],[n]),z € Xy) > (Boo e Set([4],[m]),z € Xy).

Since the composition F(X)} FX)"fe) F(X)} PP F(X) is equal to the composition

F(X)} FX)@) F(X)/ P F(X)}", this shows that F(X)(3) is indeed a natural transfor-
mation, and thus F(X) : A — CMan®" is a functor.
Now, to see that we have a functor F : CMan®” — ((C./\/lanAOp)A, we must assign

to a natural transformation ¢ : X — Y of simplicial manifolds X,Y € Obj ((CManAop),
a natural transformation F(¢) : F(X) — F(Y). In detail, F(¢)} : F(X)} — F(Y)} is
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defined by (o € Set([(],[n]),x € X¢) — (o € Set([{],[n]), pe(x) € Yr), which makes F(¢)" :

F(X)" — F(Y)" into a natural transformation, since F(X)} O F(X)} @f F(Y)?
F n n o

equals F(X)} @f F(Y), P ) F(Y)7, and it gives an equality of the composed natural

transformations F(X)* © o4 pxym PO pyym and R 2wy T piyym,
which can be seen by applying it to an object [¢] € A°P.
Finally, to prove the stated condition, note that

F (NL{)? = H NU, = H H Ui, ....is

oeSet([4],[n]) ceSet([€],[n]) \io,---ie€l
7417
= H H Ui(o(o)) Jo@) | = H Uiy 6o =NU".
o sty _ _ ig O sty
o€eSet([(),[n]) Z-(()G(O))"”Jéff(f))ej[n] i(()JO),...,iEM)EI["]

Furthermore, the action of o € A([k], [¢]) comes from mapping Us,...;, = Uy i as stated
in definition B], while the action of § € A([n],[m]) comes from mapping Ui(jo) (G
Yo i

Ui(ﬁ(jo)) (8Ge) as described in definition L1l Thus, this yields the stated result, i.e., that
0 L)

F(NU)* = Nulel. O
Next, we define the simplicial manifold BG.

Definition 4.3. Let G be a complex Lie group. We define a simplicial complex manifold BG €
Obj(CMan?") (also denoted by [*/G]) by setting the n-simplices to be BG,, = G*", i.e., we
have BGy = {*}, BG1 = G,BG2 =G x G,BG3 = G x G x G, .... The face maps d; : G*" —
G*("=1) for 0 < j < n are di(g1,---,9n) = (91,---, 95 - Gj+1,---,9n), wWhile do(g1,...,09n) =
(92,---,9n) and dp(g1,--.,9n) = (g1,--.,9n—1). The degeneracies s; : G*(=1) 5 GX" are
given by sj(gl7 s 79”—1) = (917 < 95 17gj+17 s 7gn—1)7 where 0 < J<n-—L

In the following, we will be mainly interested in the case G = GL(n,C).

Since BG and NU[™ (for fixed n) are simplicial manifolds, we can consider the set of mor-
phisms between these simplicial manifolds, i.e., CMan®"" (NI ["],BG). Now, varying n, this
becomes a simplicial set CMan®"" (NU ['],BG) € SetA” by setting the n-simplices to be
CMan™” (NU™ BG). We now describe these n-simplices more explicitly.

Lemma 4.4. A simplicial manifold map (CManAop(NZ/{["},BG) is precisely given by n + 1

. Ui — G,...,gi(z) : Uij — G, each satisfying the cocycle

many transition functions 9i i

condition g§§)|Ui,j,k '9§?12|U¢,j,k = 91(512|U¢,j,k and gi(g) =1 for any p = 0,...,n, together with

n maps fi1 U — G, f 2 U — G, each commuting with the transition functions via
-1

Hlo, -9 =08 o,

Proof. A simplicial manifold map h € CMan?” (NZ/{ [ BG@G) is a map for each k-simplex, i.e.,
(NZ/{["})k — BGk, or

. xk
[ hoo e [ Uoe o0 = G
. ; 0 ol _ ; 0 ol
i§0) iUk e in] i§0) iUk ein]

For £ = 0, this is vacuous, for £k = 1, we get hi(jo) G Ui(jo) N s G, for k = 2, we
0 201 0 71

get hi(jo) D) G2 UZ,(]‘O) LD G G x G, etc. Since h respects the face maps, we see that
0 Y1 72 0 301 slg
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hoGo) a0 G2 = (BGo) Golvshuan o |v), where Vo= U o) .61 Ga), as well as ko) oo lv -
0 271 192 0 1“1 1 202 0 1“1 192 0 271

h.Gy .Golv = h.Go) .Gy |v. This shows, in particular, that h gy .Gy o) 1s determined by
i iy iy i iy 07 i iy

(Jk) —

yeens g

(h.Go) o0 lws PGy o [ws - o b1 Gy lw) are determined by the h¢o) .;y) restricted to W =
o U L) 1 ol oo

the hi(jo) LG and a similar arguments shows that furthermore all of the maps hi(jo)
0 71 0

Udo G- Moreover, h.go) Golv - hoo ,unlv = Mo |y is the only condition that is
0 0 271 1 ’°2 0 2°2

imposed on the functions hi(jo) 6D besides h, () ;) = 1 coming from the degeneracy oy : [1] —
0o U ’
[0].
Now, for 0 < p < n, denote by g(p) = hiw jw : Uij — G, and, for 1 < p < n, denote

Z’j
-1
by fzp = hi(?),i(zﬂfl) : Ui — G. Then, gg;')‘Ui,j,k : g;fuk)’Uz‘,j,k = gi(,l;g)’Ui,j,k: and fzp‘Ui,j ’ gz(z ) =

P
hiw) i0-0lvi; - i1 jo-1 = Riwjo-0 = P jo) - By jo-n v, = gﬁ,j) - f7lv, ; so that these
functions satisfy the stated conditions. On the other hand, all hi(jo) Ju1) can be written as
0 "1

(p)

products of the g, and /7 and their inverses, e.g. for p < ¢, we have hiw) i@ = (!}"Z@Hl)_1 .

(FPP=L () ete. 0

We want to define a simplicial set map from CMan?"" (NU E'], BG) to Tot(HVB(NUY)). To
this end, we will use the described n-simplices of Tot(HVB(NY/)) from proposition

Definition 4.5. Let G = GL(n,C). Then, we define a map
B : CMan®” (NU!®, BG) — Tot(HVB(NU))

which assign to the data of an n-simplex in the domain, i.e., gg’oj),...,ggg) and fl,..., f"
from lemma [4.4] the data of an n-simplex in the range from proposition B.15] as follows. Let
Ei(o) =U;xC" > U,... ,Ei(") = U; x C" — U; be the product bundles with connections

VZ(.O) =0,... ,Vgn) = 0, where 0 = Y dzg(%e. This makes the gi(z-) maps of bundles gg;-) :

E](-p)|Ui’j — EZ-(p)|Ui7j as well as the f” maps of bundles f7 : Ei(p_l) — EZ.(p).
Then, we claim:
Proposition 4.6. §: CMan®” (NU!*), BG) — Tot(HVB(NU)) is a map of simplicial sets.

Proof. We need to show that 5 commutes with the application of a morphism p : [n] — [m] of
A.

In fact, a face map d; : [n—1] — [n] in A induces a simplicial set map CMan®” (NY!", BG) —
CMan®”" (NL{["_”, BG) by forgetting the open sets U, of the jth component in U while
degeneracies o; : [n] — [n — 1] induce CMan®” (NU~1 BG) — CMan”” (NU", BG),
which repeat the open sets U,(;) of the jth component in U ] (with the unit 1 for the transi-
tion function).

On the other hand, for the totalization (see definition[D.1]), a face map 0; : [n—1] — [n] maps
[1,SetA” (A* x A", HVB((NU),)) — [[, SetA™ (A x A"~L HVB((NU),)) by pre-composing
by A" ! — A" which under the interpretation from proposition forgets the jth bundles
Ei(j ) U; (since the Ei(p ) are the images for £ = 0, i.e., the images under the map A® x A" —
HVB(NU)). Similarly, ; : [n] — [n—1] gives a map [[, SetA” (A x A"~ HVB((NU),)) —
[, SetA™ (A x A" HVB((NU),)) by pre-composing with A™ — A"~! which interpreted as
in proposition (i.e., for £ = 0) repeats the jth bundle EZ-(j) — U;.

Since 8 maps the pth component in the domain to the pth component in the range, and
morphisms of A act in the same way in the domain and range (forgetting the j component
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for §;, and repeating the jth component for o), we see that § is indeed a map of simplicial
sets. O

Remark 4.7. The image of 8 does not give all O-simplices of Tot(HVB(NU)), since, by con-
struction (definition [£35]), we only get trivial product bundles with connection 0 on U;. In fact,
if we define HVBY? to consist only of trivial product bundles with fiber C* and connection
9, then HVB"™ is a sub-simplicial presheaf of HVB so that § : CMan®” (Ny!*), BG) —
Tot(HVB(NU/)) is an isomorphism.

However, every holomorphic vector bundle £ — M together with a cover ¢ and a choice
of local trivializations over U can be represented as a 0-simplex of CMan®” (NU[*, BG) via
lemma 4] for n = 0 (cf. lemma for 0-simplices of Tot(HVB(NU))). Therefore, diagram
#1) will provide an alternative for calculating Ch of E with the choice of 9 for the local
connections.

4.2. A combinatorial integration over the fiber. In order to define the left vertical map
in equation (&I)), we need an “integration over the fiber” for Cech cochains, i.e., a suitable
map [, : C* (UK, A) — C*(U, A), which we define in this section.

We start with some notation on indices. For & > 0, we “split” the set {0,...,q} into k + 1
levels by choosing positions 0 < §1 < 59 < --- < 5, < ¢ where a step of a level occurs. More
precisely, we make the following definition.

Definition 4.8. A k-step position of {0,...,q} (or a k-step or simply a step) is defined to be
a sequence of natural numbers 0 < 51 < 59 < --- < 5, < ¢q. The set of k-steps is denoted by

Sk(q) == {(s1,...,5,) ENj: 0< 5 <sp <+ <5 < g}

Now, let U = {U;}ier be a cover of a manifold M, and consider a sequence of indices
(t0,...,1q) € T 9+l (In all of the cases of interest below, these will be the indices applied to
some element ¢ = {c;j....;,} in some Cech complex.) Using a k-step position 0 < 51 < 59 <
.-+ < s, < ¢, we can split (ig,...,4;) into k + 1 subsequences

(205081 ), (Ggys v ylsg)seevy (Gapy e siq)
Example 4.9. Let A be a presheaf of non-negatively graded cochain complexes, such as e.g.
the the sheaf of holomorphic functions A = 3} ;. Let U = {U;};cr be a cover of a manifold M.

Recall the Cech complex C*(U, A) from definition B:8l Given elements co, ..., ¢, € C*(U, A),
their product can be defined as

(4.2) (€O v Chigpig = D (COVigyoiay * (C1)iaysosing * - " (CR )iy
(51,+..,5%)

€ Sk(q)

Example 4.10. Denote by U .= {U;t) }i) erm the k-fold cover from definition @Il For each
sequence of indices (i, ..., 4q) of I, and for each choice of k-step positions (s1,...,5%) € Sk(q),
there is an induced sequence of indices (jo,. .., jq+x) of I k] given by (cf. figure @)

(0) (0)

jozi() 7’”7j51:i517
. (1 . .
Js14+1 = lsy 5«3 Jso+1 = lsy
Jsm+m = sy s+ s Jsmp1+m = s
C_w L w
\ Jsi+k = s 5+ -5y Jg+k = Uq
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FIGURE 4.1. A visual representation of the indices in I induced by a k-step
($1,...,8;) with k=5 and ¢ =15

The set of all indices of I¥l obtained by splitting (t0,...,1iq) into k + 1 levels described in

the above way is denoted by

(4.4)  Ji(io, ... ig) == {(Jo, - Jg+k) : I(s1,...,8%) € Sk(g) such that {@3) holds true}

Note from (4.3]), that for (jo,. .., jg+k) € Jk(io, ..., iq) and 0 < m < k the indices of the mth
level occur exactly at js,, +m;- -, Js;y1+m, and this information can always be recovered from
(4o, - -+ Jg+k). Thus, the step to and from the mth level occur exactly at js,, +m and js,. . +m-
For our purposes, it is important to note that we do allow the special case where s,, = §,,,41,
in which case there is only one index js,, +m = Js,,41+m at the mth level. Form =1,... k-1,

we denote by j,;”(io, ..., 1q) those indices that come from Jj(io,...,1,) with either js i, or
Jsma1-+m removed:

(45)  J™ (g, ... ig) == {(jo,...,ﬂ,...,jq+k) :3(jor- -+ Jork) € Jlios - - 1iq)
such that ¢ = s,,, + m},

T (g, ig) = {(jo,...,ﬁ,...,jq+k) :30ios- -+ s Jqrn) € Jilio - - - ig)
such that ¢ = s,,4.1 +m but ¢ # s, +m},

T (g -+ yig) i= I (o, - o ig) U7 (s - - -y dg)-

For m = 0, respectively m = k, we only remove the index where the step occurs, but not jg,
respectively j,. More precisely, we define

(4.6) 20, .. ig) = J 7 (G0, - - ig)

= {(jOv"')j?v'" 7jq+k) : 3(]07 7jq+k) € Jk(Z()) ,iq) such that ¢ :51}7

and



24 C. GLASS, M. MILLER, T. TRADLER, AND M. ZEINALIAN
k- . Tk .
(4.7)  Jg(io, ... ig) == J" (io,- .., iq)

= {(jo,...,ﬂ,...,jq+k) :30ios- -+ jasn) € Jilios .. . ig) such that £ = s, +/<:}.

Lemma 4.11. Fiz a set of indices ig,...,iq € I, and a k > 0. Then, the map
Fidulio. .. ig) x {0,....q+k} — ( | | Jk(io,...,ﬁ,...,iq)) u( | | j;;ﬂ(z'o,...,z'q))
0<r<q 0<m<k

f : ((j07 e 7jq+k)7€) — (j()a e 7j£7 e 7jq+k)7

which remowves the Lth index jg, is a bijection.

Proof. First, note that the map f is well-defined. If the removed index jy is either the beginning
Jsm+m O the end js. ., 1 index of a level (say the mth level), then f((jo,...,Jq+k),¢) =
(Jos---1Jes -+ Jg+k) lands in J"(ig, . .., iq). Otherwise,Af removes one of the original indices,
say i,, in which case f((jo, ..., Jjq),¢) lands in Jy(io, . .., or,...,iq). We can construct the inverse
f~! by observing that for each 0 < r < ¢ and (Jos -+ Jgen_1) € Jk(io,...,i:,...,jq) there
exists a unique (jo, ..., jg+k) € Jk(io,...,iq) and 0 < £ < ¢+ k so that (jo’; 7 Jg+k) =
(Jos- -+ sJgep_1)- Similarly, for each 0 < m < k and (jy,...,jyx 1) € Ji"(i0,---,Jq) there
exists a unique (Jo, ..., Jgtk) € Jk(io,...,iq) and 0 < £ < g+ k so that (Jo,...,J¢,- -, Jg+k) =
(J0s -+ -+ Jorp—1) With je on the mth level. O

We next define the integration over the fiber map.

Definition 4.12. Let U = {U,;};er be a cover of a complex manifold M, and let U be the
k-fold cover coming from U from definition EIl For an element p € C*(UP!, A) in the Cech
complex, we define the following integration over the fiber map [, : C (U, A) = C* (U, A),
which maps the components [, : Crtkylkl, ATy — C1(U, A7), by setting

(4'8) </Ak N) 205+l = Z (_1)51+.,.+5k “ Mo, sdgtk

(3053 qt k) €Tk (105--1q)

Note that the sign is well defined, since each (jo, ..., jg+x) € Ji (%0, - - ., iq) uniquely determines
a k-step (81,...,5k).

Let £ > 0, and let j € {0,...,k}. For the jth face map d; : [k — 1] — [k], there is a map of
covers Z/I[']((Sj) € Covpr (U*1, 14*]) given by ignoring the open sets U, of the jth component
of the cover U¥). In particular, by definition B8] there is an induced map 5~] : C”(U M,A) —
C* (U1, A), which forgets the jth open sets Uy, i.e., 5;(/1) e C*(UF 1, A) is the collection
determined by p € C*(U [k], A), which is only defined on indices not including any i) fori e I.

With this notation, we have the following integration over the fiber formulae.

Proposition 4.13. The integration over the fiber commutes with the internal differential d 4

of A, i.e.,

(4.9) aa( [ ) - /A i)

For the Cech differential &, we get the following identity,

(4.10) [0 = ()" o /A n) i(—l)j - /A 5w
j=0
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Proof. For the first equation (£.3]) note that both sides of (4.8) are on the open set Uy, .. ;,, S0
that the same differential d 4 of A(Uj,...,) is applied inside and outside the sum of (&8).
Next, we prove ([£.I0). For fixed indices iy, ..., i, € I, we first calculate 5( fAk ,u) on Us,...i,

to be
(L), = e (o mai,

0<r<q

— § : R i it A
- Z ( 1) k lu"](,),...,j(ll+k71‘

OSTSG (Gt o1 ETk (60,0t nnviq)

Next, we calculate fAk o(p) on Ui,....i; to be

(/Ak 5@))2‘0’.“% _ Z (_1)51+...+5k, Z (_1)£”j0,...,j},...,jq+k

(305+-2Jq ) €Tk (105--+,iq) 0<<q+k

— r+k+s) +- s
> X g

OSTS(] (j(l)v"'vj;+k71)€Jk(i07"'7i7'7“'7iQ)

3 3 _qyrtmesitets L,
+ ( 1) F 'U/](,)v"'v];+k717

0smsk (il s )ETT (i0,0nsig)

where we have used lemma [L11] in the last equality. (To see the sign in the upper line of
the right hand side, note that if the removed index j, = z'ﬁ“) occurs at i, at the sth level,
then s; = s},...,5, = s, while 5,41 = s, —1,...,8, = s, — 1, and £ = r + &, thus
(4514 +s,=(r+kr)+s)+-+s, —(k—k)=r+k+s, 4+ 45, (mod 2). For the sign
in the lower line of the right hand side, assume again that j, = z}(ﬁ), and note that in this case

the 51 = §),...,8;, = 52 do not change, while ¢ = r 4+ m is the number of indices before j;.)
It therefore remains to show that Z;?:O f 5;(ak)y K ol Us....i, can be written as

1q
(4.11)
k

_1V 5. - _qyrtmesi et
( ( 1) /Akl 5]('“))@'07 ,iq_ Z Z ( 1) ' * 'ujo’“"]ﬁk'

j=0 0SMEE (5,000l 4 1) €T (10500158g)

Proof of Equation (4I1]). We evaluate the right hand side of equation (£II]). First, we claim
that the right hand side of (4.I1]) vanishes except for the terms where

(1) either 51 =0 in JQ(io, ... ,ig),

(2) or S, = Spq1 in S (do, ..., 0g) form=1,... k-1,
(3) or sp = q in JE(ig, ..., iq).
Since we fixed (i, ... ,%q), we will simplify notati/(in by writing j‘ﬁm = j,g”(io, oy Jq)-
To see (), if s; > 0, then the indices (jo,...,Js;s---»Jg+k) € J,S’% coincide with the indices
(Jos - -+ sJst 415+ -+ Jg+k) € j;<_ for the new steps (s},85,...,8,) = (1 — 1,89,...,8;), since
. —~ . (0)  .(0) .(1 (0 (1) .1 (0) (1) .(1 N
(]51—17]517]51—{—1) — (Zgl)_172§1)72g1)) = (él)_la él)_lazgl)) = (Zi’l)’zi’l)’li’lil) = (]5’17]5’1+17]5’1+2)'
Thus, the same term appears twice, once from j,g with (s1,...,8;), and once from j,:; with
(s),...,8).), and cancels as they have opposite signs (as the “r +m” part of the sign is the
same for both, but s} = s; — 1).
Next, for ([@2)), if §,, < $;+1, we can either have the indices (jo, ..., sy t+ms- - -+ Jg+k) € j,TF

O (J0s -+ Jsmartms -+ Jq+k) € J,Z”’_) appear in J;"*. In the first case, (jo, ..., Jsp4m>--- 2 Jg+k)
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. d . h . . - . jm—l,—) f h / /! Iy
coincides with (jo,. .. 2 I8l 1y H 1) yJg+k) € Iy, or the steps (s},...,s,,,...,5,) =
($1,...,8m + 1,...,5%), since the indices coincide after removal of the index in question, i.e.,

) — (m—1) (m) . (m—1) (m—1) . (m—=1) (m—-1) .
(st Jom s Jom sms1) = (i g it ) = (im0 ilm )i, ) = GGl ) =

—_—
(Jsi +m—2,Js!, +m—1,Js,, +m)- The two corresponding terms have opposite signs (since s =

$m + 1), and thus cancel. In the second case, (jo,.--,Jsyi14+m>---»Jq+k) coincides with
. . — . jm+1,<— f / / I\ 1
(]07"'7]5£m+1)+(m+1)7---7]q+k)E A Or(517”‘75m+17"'75k)_(517"'75m+1_ ,...,ﬁk),

(m)  (m) m 1)y _

since we have again coinciding indices (Ja,, 41 -+m—1; Jsms1+m> Jomsr+m+1) = (lg, 1 15 Tsmirs o

(m)  (mAD) (meD)y o (m) (maD) (mtl) L — .
(25m+1_1715m+1_17 Sm+1 ) - (15;71+1725fm+1 715;”+1+1) - (]5;n+1+m7j5;n+1+m+17js’m+1+m+2)‘ Aga‘ln7
these have opposite signs (since s/, | = 8,41 — 1) and thus cancel.

Finally, for @), if s < ¢, the indices (jo,...,Jep+ks--->Jg+k) € J,]j’ﬁ coincide with the
. .. . . . Tk—1,—
indicies (jo,. . . P Jsl k) Jg+k) € Iy for (s},...,8,_,8.) = (51,...,85—1,5,+1),

since removing the appropriate index yields (j5k+k—1ym7j5k+k+l) = (igi_l),iglz),iélzll) =

(h=1) (h—1) .(k (h=1) (h—1) .(k ) —_— )
AT 00 = GEDTDD) = (i imsi As the comesponding

terms have opposite signs (due to sj, = s;, + 1), they cancel.

Thus, the only remaining terms are as follows. For (), there are terms in j,? with 1 =0
and jy removed, i.e., we only have steps that skip the Oth level altogether. For (2)), we have
terms in j,g” with s, = s;,11 and js,,+m removed, i.e., we only have steps that skip the mth
level altogether. For (3]), we have terms in j,’j with s, = ¢ and j,4 removed, i.e., we have steps
that skip the kth level altogether. We thus sum over steps that are in Jy_; (i, . .. , i) where we
skip over the mth level for m = 0,..., k. Note conversely, that for any step in Jx_1 (o, .., 1)
and any m = 0,...,k, we can add another level, which will be the mth level, so that the steps
come from j,g” via removing the mth level. This shows that

§ : § : _q\rEmAs sy )
( 1) M](l)v---y]é+k71

0SMEE (5,005t 4 1) €T (10,5--111q)

= >, " > (= D)FH b (G () gt

0<m<k (30Tl g 1) ETk—1(10,--41q)
k —
(S [ o),
m=0 Ak—1 205-++52q
where we have used that s/, = r in the first equality. This proves equation (IT]). O

This completes the proof of proposition EI3l O
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4.3. Computing Tot(Ch(N/)) on product bundles. We will define the left vertical map
of ([d.1) as a composition of two maps v and ¢,

(4.12) CMan™" (NUl*l, BG)

|
(O, 015

DE(C*(U,,)[u]*=")

Here, (C“(Z/{ [e], Qp ))een - denotes the simplicial set, whose k-simplices are d-closed elements

of C* (U, Q3 ;) which are of even total degree.

Definition 4.14. Assume that G = GL(n,C). For a cover V = {V;}jes € Covp of M,
we define the map 7y : CMan®” (NV, BG) X% (C*(V,Q8,,))5" , as follows. By lemma B4

close

(for Y =V and n = 0), an element h € CMan®"" (NV, BG) is given by transition functions
gij : Vi,j — G € C™". Then, define yy(h) on the open set Vj, . to be

(4.13) (W(h))jo,...jp = tr (gj_p}jo ’ 8(gjp7jp71) o 0(gjag) - a(gjl,jo))

Note that (Y (h))jo,...5, € % ;(Vio,....s,) is of Cech degree p and form degree p, and thus of even
total degree 2p in C*(V,Q},,). The collection of all these {(1v(h))jo....j» Hio,.ipes 1S 0-closed
in C*(V,Qs,,), since

OOV ))jornip =8 (95,50 Gip) - 0G10n) )
p—1

+) (=1t (gj_;jo@(gjp,jpfl) NG gor) - - 3(93'1,3'0))

/=1
+ (=17 tr(95 1, 30 Giprdpa) - 0G00) ) = 0

vanishes, just as in the proof of theorem [2.4] (using the Leibniz property of 0 and the cyclicity
of the trace).
Now, the simplicial set map v : CMan®” (NUl*), BG) — (C*u*, Qs ,))eer , from (@12

in simplicial degree n is defined as 7y, := Y : CMan®” (NUM, BG) — (C* UM, Q3 ))even

closed*
Note that v respects morphisms in A, since the simplicial structure in the domain and range

of 7y comes from the cosimplicial cover U!* : A — Couvy;.
Next, we define the map ¢ from equation (£12]).
Definition 4.15. ¢ : (C*Ul, Qs )een, — DE(C*(U,Q3,,)[u]*=?) is a map, which as-

N close 5
signs to an n-simplex ¢ € (C*UM,Qp ))&en  an n-simplex in DK (C*(U, Q3 ) [u]*<0), =
Ch=(N(ZA™),C*(U, Q) [u]*<?), i.e., a chain map from the chains on the standard n-simplex
to C*(U, Q) [u]*=C. If e, i, with 0 < dp < --- < iy < n is a generator of N(ZA")_,

as in example [B.2] then denote by A : [¢] — [n] the map A(j) := i;, which induces a map
A (CrUMLQp Een  — (CU, Q8 ))een .. When ¢ concentrated in homogenious total

close closed*

degree |c|, then we define ¢(c) by

(4.14) W(e) : N(ZA™) — C* (U, Q)= ey (1) 2 a2 [ X(e)
Al
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Note that since the degree of ¢ is |c|, the degree |A(c)| = ||, so that |fA‘f c)| = |e| — ¢, and
|ulel/2. [, e (o) =

Proposition 4.16. ¢ : (é'(u['],onl))iff;d — DK(C*(U, 08, [u]*=Y) from definition [J-13] is
a well-defined map of simplicial sets.

Proof. First, we show that ¢(c) as defined in (£I4]) is indeed a chain map:

@) eie) = (1T 25 Ao)

= Al—1

BID ()55 ez (L [

-3 7 »<X<c>>]

(17 () TE 2 [5G

M- 1

(=1 o)y 7o)
=0
= 1(c)(d(€p,....ig)):

where we used that d(A(c)) = M6(c)) = 0. To see that ¢ is a map of simplicial sets, let
p:[n] — [m], and p: (CUM,Qp ))erern  — (C UM, QP ))eer | the induced map. Then,

closed
for ¢ € (C*(UI™, Qp ))een , and e, 4, a generator of N(ZA™)_; and X : [(] — [n] as before,
we get

L(p(e)) (€, ..ir)

o~ S,

YR 2 [ NG = (1SS a2 [ (e (e
(-1 J Xt = =1 /. oone

= L) Epr(),pr0))) = (L)) (P (eio,...ir)):

where pf : N(ZA™) — N(ZA m) is the induced map by post-composition with p in A" =
A(.,[n]). Thus, «(p(c)) = (pre-compostion with pf) o (¢(c)) as maps (C*U™, Qs ))ever . —
Ch™(N(ZA™),C*(U, 3, [1]*="), which shows that ¢ is a map of simplicial sets.

This completes the proof of the proposition. O

We can now state the main theorem of this section.

Theorem 4.17. The following is a commutative diagram of simplicial sets,

CManA” (NUl*), BG) —~ Tot(HVB(NU))

|
(CoU™,Qp ))cen, Tot(Ch(N))
DE(C*(U, ) [u]*=<°)

Proof. We calculate ¢(vy(h)) for an n-simplex h € CMan®” (NU™, BG). By definition E14]

for indices z(()JO) . (]T) e 1

(’Y"(h))igjo),...,iw = tr<h_<m G0 O Gr0) e Oy o0) 8(hi§j1)7i(()jo)))a

Tot (Q(NU))



THE HODGE CHERN CHARACTER OF HOLOMORPHIC CONNECTIONS... 29

which is of total degree 2r (i.e., Cech degree r and form degree r). By definition this
becomes the map ¢(y,(h)) : N(ZA™) — C*(U,Q3,)[u]*<’, €jo.. i = (—l)k(kgl) - ydegree/2 .
Sar A(yn(h)), where A : [k] = [n], A(p) = Jp is as in definition 415l Since X (Co (U, O ))oien  —
(C* (U™, Qr . ))een | forgets all but the levels jo,...,ji, this in turn becomes, in component
io,...,iq el,

() i)

k(k—1)
=(-1)"= Cu2latR)/2 Z (—1)stten ('Vn(h))aék(bo)) JREXCHEN)

b (gir) o s
(a(()O)r“vaqf;: )EJk(ZON"’Zq)

— 5 +k +ot -
— (_1) 3 LudTr. Z ( 1)51 5k tr(h (Mg ark) aéA(bO))
(a(()b()) (b +k))€Jk(i07---viq) s

ot
HO(h o O m) e Ok o a(Mbo))))
Gtk Gtk 1 0

Note that by the definition of J(ip, ...,14,), that any adjacent indices a((le), afﬁﬁfl) appearing

in the above sum are either of the form by = b1 or ag = ag+1. Thus, the only ha(A(bq+1)) SO0
1 q

q
that appear above are (in the notation of proposition B.I5]) either g(b‘I) , or fézq“’bq) =

b b Qq,0q+
bo+1 b
atlo.. .o ag+ : E((qu) — Eéqq“).

Next, the outcome of going around the diagram from the theorem is the other way is
described in proposition B.16] which we see to coincide with the above, since the 8 map assigns
the connections V = 0 to all bundles. O

Example 4.18. Consider the case of a 2-simplex h € (CManAOP(NL{ 2l BG), where we assume
again that G = GL(n,C). Then «(y(h)) is a mapping N(ZA2) — C"(Z/{ Q8 D=0 ejo... i

cJ05-k)
M
[ ]
(1,2)
c
0)e 02) o (2)
c b

where, for j € {0,1,2} and (5, 5") € {(0,1),(0,2), (1,2)},
(Dig..oiy =u? - tr((9) )00, ). 06,)).

igyig—1
(c (' ”))Zo, y —dtl . Z (_1)5"51”[(91(3,@)171' gz(fﬂ),zsfz(: J )gz(g’Z)J » gz(f,z)o)
0<s<q
o(g7) ) 00 o o)) .ot )]
2,1 1,0 0) \—1
(O1),  — a2 ST (Cpmte .m«{(ggq,)i(ﬂ...f(J2 ) ,.fiil g0
0<s1<s2<q
2) (2,1) (1,0) (0)
o9, )02y o) o)

In the lowest case, this is interpreted as (¢¥));, = u® - tr(idcn) = dim(C") = n.

In the remainder of this section, we want to give an alternative description of 7 from (ZI2])
via the universal Chern form on BG.
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Definition 4.19. Assume that G = GL(n,C). Applying holomorphic forms to the simplicial
manifold BG from definition [4.3] we obtain a cosimplicial non-negatively graded cochain com-
plex Q9 (BG) : A — Ch* with QF_,(BG)x = Q3_,(G**). There is a closed and even element
Ch in the totalization, Ch € tot(2} ,(BG)) =[], wal(GXZ)[ﬁ], given by the following sequence
of forms,

(4.15) Ch := (n, tr(g@(g_l)), tr(glgga(ggl)a(gl_l)), c ).

If h € CMan®"(NV, BG), there in an induced map Qf,(h) : Qf,(BG) — Qf_(NV),

. 61
and, thus a map on the total complex tot(2} ,(h)) : tot(Q} ,(BG)) — tot(Q} ,(NV)) =

C*(V, Q). Then, we claim the following.

Proposition 4.20. The map v : CMan®" (NUl*l, BG) — (C*U*, Q3 ), from defini-
tion [{.14) can be expressed via the Chern character Ch by

Yn(h) = tot(Qf(R)(Ch) € (C* U™, Of,))elsee

closed

Proof. Just as in definition @14, let h € CMan®” (NV, BG) be given by transition functions
g}f ;1 Vij— G CC" from lemma L4l As shown in the proof of lemma (.4} these g}f ; induces
all higher maps Vj, _j, — G*¢via Vj, _j, >~ (g}f)dl(x), e 79]’]2,1,]'[(33))' Thus, under the
pullback of h, the ¢-form tr(gy ... ge-9(g; ") ... (g1 ")) € Qf,,(G*?), which is the f~component
of Ch, gets pulled back to

% v v v 14
tr(%‘o,jl o orie O Gspge ) -+ 8(93'1,3'0)) € Qor(Vig,...ie)-

Now, since the g}f ; satisfy the cocycle condition g}fml...g};il,jz = 9%,;‘@ by lemma (4] this is
precisely the expression obtained for the definition of vy (h) in equation (£13]).
Applying this to the covers V = U™ for all n yields the claim of the proposition. O

5. HOLOMORPHIC VECTOR BUNDLES WITH GROUP ACTION

We give an application of the previous sections by considering a complex manifold with
group action. We first generalize definition 4.3l

Definition 5.1. Let M be a complex manifold, and G be a (possibly discrete) complex Lie
group together with a right action on M. We define a simplicial complex manifold [M/G] €
Obj(CMan?") by setting the n-simplices to be [M/G], = M x G*":
d,
M<:>MXG<:>MXGXG4]>

5
The face maps d; : M x G*" — M X G*("=1 for 0 < j < n are di(z,91,...,9n) =

(xmg(])' <5895 Gj+15 - - 7gn7)7 while dn(gjmgl)' .- ,gn) = (xhgl?‘ .- 79”—1) and d0($7gl7' .- ,gn) =
(291,92, -, 9n). The degeneracies s; : M xG*("=1) — MxG*" are given by s;(2, g1, - - -, Gn—1)

(x7gl7”’7gj717gj+17”’7gn—1)7 Where O S] STL— 1.

By section 2, HVB([M/G]) : A MG e Manor BVE Set;A” and Q([M/G]) : A /gl

CMan® 25 SetA” are cosimplicial simplicial sets, and Ch([M/G]) : HVB([M/G]) —
Q([M/G]) is a map of cosimplicial simplicial sets. By applying the totalization, we obtain an
induced map as follows.

Note that the above gives rise to a map of simplicial sets
(5.1) Tot(Ch([M/G])) : Tot(HVB([M/G])) — Tot(Q([M/G])).

In order to interpret the above map, we briefly review the notion of a G-equivariant bundle.
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Definition 5.2. Given a G-manifold, M, with action given by p : M x G — M, a bundle
E 5 M is a G-equivariant bundle over M if there is a G-action on E, ¢ : E x G — E, such
that the diagram

ExG—*>E
\LTI’XZ’d lﬂ
MxG—Ls M
commutes.
With this, we can now describe Tot(HVB([M/G])) more explicitly.

Proposition 5.3. The simplices of Tot(HVB([M/G])) have the following interpretation.
(1) A 0-cell in Tot(HVB([M/G))) consists precisely of a G-equivariant bundle, E, with
connection, V, where V is not required to satisfy any condition with respect to the

G-action.
(2) An n-cell in Tot(HVB([M/G])) consists precisely of a sequence of G-equivariant bun-
dles, EO) ... E™  and G-equivariant maps, oy, .. ., 0n_1,

EO) 20, ) 21, 2l pln)

where each bundle E; — M has a connection V;, which are not required to satisfy any
conditions with respect to the G-action or the bundle maps.

Proof. First we prove part (IJ). Similar to the proof of Proposition B4l a 0-simplex, w, in
Tot(HVB([M/G))) is given by a sequence of simplicial set maps, Af x A" 2% HVB([M/G])
for £=0,1,2,.... Note then, for £ = 0, we have the image under wy of a vertex which is given
by a vector bundle, E8 := F, with connection, V, over M. Over M x (G, wy gives a pair of

bundles,
¢

Ey Ej

M x G

satisfying B} = di(E) and E} = dj(E) = E x G with approprately induced pullback connec-
tions. Over the point (m, g) € M x G, this map sends the fibers,

¢(m,g) : ((Eol)(m,g) = Em) = ((Ell)(m,g) = Emg)
From this data, we can define a map of manifolds for each g € G, ¢, : E — E, defined by
cpg\(EX(;)(m,g) ‘= O(m,g) * Em — En.g. Furthermore, for each g € G, this map commutes with 7,
ie. mopy, = Ryom, where Ry = p(., g) is the right multiplication of G on M. Note, however,
that we still have to check that this a G-equivariant map, i.e., that ¢, o ¢, = ¢g4.4. This
relation requires higher simplicial data. Our sequence of simplicial set maps, w, also provides
a 2-simplex given by wo:

2,1 ©2,0

MxGxG
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Here, by the definition of totalization, E3 = d} (d{E) = d} (&{E), E? = djj (d}E) = dj (d}E),
and E2 = d} (djF) = djj (d3E). Similarly, note that ¢19 = dj(¢), ¢20 = di(¢), and o1 =
di(¢). Since the above diagram commutes, the proof is concluded after unpacking the equation
given by the above commutative triangle,

®2,10 @10 = P20

Since E? = d} (E x G) = (dy odp)* (E), the composition of maps governing the pullback is
given by dy ody : (m,g,g’) — m. Similarly, E? = (dgy o d2)* (E) is given by dyods : (m,g,9") —
(m - g) and E3 = (dyody)* (E) is given by dyg o dy : (m,g,g') — (m-g-g). Thus, the
maps act accordingly on the fibers: (¢170)(m’g’g,) : B = Epg, ((bg’l)(m’g’g,) :EBpmg = Enmgg,
and (¢270)(m’ 9.9 - En — Ep.g.4. Therefore, the above commutative diagram shows that

90; 0 g = Pg.4, Which concludes the proof that F is a G-equivariant bundle.

Now we turn to part (2). Similar to the proof of Proposition B.I5] an n-simplex is given
by a sequence of simplicial set maps A’ x A" 24 HVB([M/G),) for £ = 0,1,2,... satisfying
certain conditions. The 0-simplices of this n-simplex are precisely the data for a G-equivariant
bundle, (E(i), (p(i)), for i = 0,...,n, as described in part (). Over the base manifold M, we
can write the image of the maximal non-degernate n-simplex of A? x A”, under the map wy,
in HVB([M/G]p) as a sequence of G-equivariant bundles,

EO®O 2 pO) X y .. —t B0

M

such that each a; : F® — E0+tD as a morphism in HVB(M) maps fibers (E(i))m to
(E(”l))m. To see that these maps «; respect the G-actions ¢(?, we note that w; offers
us the following commutative diagram,

d;‘j(E(O)) di(a0) dg(E(l)) di(a1) - di(an—1) dS(E(”))

ld)(O) lqg(l) l(ﬁ(n)

d(EO) ) e ) i) o, Ae) ge g
M x G

which on the fiber over a point (m,g) € M x G, induces a commutative diagram of maps of
fibers,

(E(i))m I N (E(i+1))m
l(so(“)g l(sa“'“))g
(BO),  — (BEHD)

mg
and thus each «; is a G-equivariant map of G-equivariant bundles. Since there are no higher
relations, this concludes the proof. O

For a G-equivariant bundle E 5> M, where ¢ : E x G — E denotes the lift of the G-
action p: M x G — M on M on the base, we note that there is an induced map of bundles,
¢ : ExG — p*(E) over M x G, which we may interpret as a section of Hom(E X G, p*(FE)) over
M x G, ie., asa0-form ¢ € QY (M x G,Hom(E x G, p*(E))). Now assume furthermore, that
E — M is equipped with a holomorphic connection V. Pulling back V under the projection
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pri: M x G — M gives a connection VE*E on E x G, while pulling back V under p : M x G —
M gives an induced connection V* (¥) on p*(E), and thus we get an induced connection
VHoEXG.p™(E) of Hom(E x G, p*(E)), which we simply denote by V again. Thus, we may
apply V to ¢, which is given by pre- and post-composing with VE*& and veE), respectively,

V() =V Flog—¢oV*Y € (M x G, Hom(E x G, p*(E))).

Definition 5.4. A connection V on a G-equivariant bundle (E, M, p, ), is G-invariant if
V() = 0.

The next corollary states that we can use the map Tot(Ch([M/G])) from equation (5.1)) as
a measure for the connection V to be G-invariant.

Corollary 5.5. Let (E,M,m, p,¢) be a G-equivariant bundle with connection V, which, by
proposition [ 3[), we may interpret as a 0-simplex in Tot(HVB([M/G)))o. If the connection
V is G-invariant, then Tot(Ch([M/G])) applied to this is zero in all positive holomorphic
form degrees.

Proof. Since V(¢) = 0, it follows that tr(¢~'V(¢)) - v = 0, which is the form-degree 1 part
of Tot(Ch([M/G]))o. Similarly, the higher form degrees vanish; for example, in the notation
of the proof of proposition B.3|(I]), the form-degree 2 part is tr(¢2_,(1)V2,1(¢2,1)V170(¢170)) cu? =

tr(¢50ds(V(9))d3(V(9))) - u? = 0. 0

Tot(Ch([M/G])) measures the extent to which a holomorphic connection is G-invariant.

APPENDIX A. SMALL AND LARGE SIMPLICIAL SETS

In this appendix we recall some notation of small and large simplicial set, see e.g. [GJ] and
L]

Definition A.1. Let A be the category whose objects are [n] = {0,...,n} forn =0,1,2,...,
and morphisms p : [n] — [m] are non-decreasing maps. We have face maps ¢; : [n — 1] — [n]
skipping j (for j = 0,...,n), and degeneracies o; : [n] — [n—1] repeating j (for j = 0,...,n—1).
If C is a category, then a simplicial (respectively cosimplicial) object in C is a functor X =
Xeo : A? — C (respectively a functor X = X°® : A — C), where we denote X,, := X([n])
(respectively X" := X([n])), as usual.

For example, A™ : A°? — Set is the simplicial set of the standard n-simplex, given by
setting A7 := A([k], [n]). Moreover, A®: A — Set®” is a cosimplicial simplicial set.

We remark on the size of the categories that we study. In this paper we will consider small,
large, and extra large categories, as well as small and large simplicial sets. We recall some
notation from [J].

Definition A.2. Fix three Grothendieck universes Ug, U}, Ug), with Ug € U; € Ug;, whose
elements are called small sets, large sets, and extra-large sets, respectively. In this paper, we
assume that certain sets, such as the underlying set of a complex manifold or a holomorphic
vector bundle, are elements of Usg.

A category C is called small (respectively large, or extra-large), if both the set of objects
Obj(C) and the set of morphism Mor(C) = [ preonjc) C(£, E') are small sets (respectively
large sets, or extra-large sets). An example of a small category is the simplicial category A
from above. Examples of large categories are the category Set of small sets, the category
Ch of cochain complexes, the category CMan of complex manifolds, and the category Cat of
small categories. Examples of extra-large categories are the category Set; of large sets, and
the category Cat; of large categories.
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A simplicial object X : A°? — C in a category C is called small (respectively large), if
all X;, = X([n]) are small sets (respectively large sets), and similarly for a cosimplicial object
X : A — C. Denote by Set®” the category of all small simplicial sets, which is a large category.
Denote by Set;2” the category of large simplicial sets, which is an extra-large category. The
nerve N(C) of a category is the simplicial set whose set of 0-simplices N'(C)g = Obj(C) are the

objects of C, and k-simplices for k > 1 are k composable morphisms Fj Q Eq E e JA B, ie.,
N(EC), = L g,.... B.eobjc) C(Eo, E1) x -« X C(Ej—1, Ex). If C is a small category (respectively
large category), then NV (C) is a small simplicial set (respectively large simplicial set). Moreover,
the nerve is a functor N : Cat — Set®” or N : Cat; — Set;>”".

In section Bl we will consider cosimplicial simplicial sets, i.e., functors of the form X : A —
SetA” | or, more generally, functors X : A — Sety®”, where, for the latter, X™ : A% — Sety,
so that (X™),, is a large set.

Sometimes, we may not comment on the size and just refer to categories or simplicial sets
without any size reference. Note, however, that all structures in this paper are, in particular,
large structures.

APPENDIX B. COCHAIN COMPLEXES AND THE DOLD-KAN FUNCTOR

We will frequently consider cochain complexes in this paper that are concentrated in non-
negative or non-positive degrees. The next definitions provide more details.

Definition B.1. Denote by Ch the category of Z-graded cochain complexes. So an object in
Ch is a pair (C*®,d), with d : C* — C**1. Note that if (C,,0) is a graded chain complex, i.e.,
0 : Cy — Co_1, then we think of it as an object of C'* € Ch by setting C" := C_,, in degree n.

Let Ch™ be the category of non-negatively graded cochain complexes and Ch™~ be the cate-
gory of non-positively graded cochain complexes.

Example B.2. If A : A°? — Ab is a simplicial abelian group, then define the negatively
graded chain complex N(A) € Ch™ to be the normalized chains of A, i.e., in degree —k < 0
we set it to be A modulo degeneracies,
k—1
N(A) g = Ae/(O_Tm(s; : Agy — Ap)).

Jj=0

The differential d : N(A)_; — N(A)_g41 is induced by the alternating sum of the face maps
St o(=1)d; s Ay — Ay

In particular, the free abelian group of the standard n-simplex ZA" is a simplicial abelian
group. The cochain complex N(ZA™) € Ch~ has the following explicit representation. In
degree —¢ < 0, N(ZA™)_y is the free abelian group with generators e;, _;, for all 0 < ip <
.-+ < iy <n corresponding to the non-degenerate ¢-simplex ¢ : [(] — [n],i : k — i of A™. The
generator e;, ;, can be thought of labeling an ¢-cell of the topological n-simplex |A™|. The
differential d : N(ZA™)_y — N(ZA™)_;4; is given by d(e;,, . i,) = E?:O(_1)jei0,...,fj,...,il'

Similarly, we can describe generators of N(Z(A™ x A™)) as follows. Let j : [p] = [n],j : k —
Jjr be a non-degenerate p-simplex of A", and i : [q] — [m],7 : k — i, be a non-degenerate g-
simplex of A™. In order to obtain a non-degenerate r-simplex of A" x A™ with p < rand ¢ < r,
choose numbers 0 < py < po <+ < plp—g<r—land 0< vy <y <- - <vp_p <7 —1with
{ut, oo pr—g 0 {v1, .. vp—pt = @. Then (joo,, o---00y,_, : [r] = [n],icoy 0 00, _ :[r] —
[m]) is a non-degenerate r-simplex of A™ x A™, and we denote the corresponding generator of
N(Z(A™ x A™)) by (5u,_, -+ 801 (€jo,..jp)s Spr—q - - - Sp1 (€ig,....i,))- In particular, for r = p + g,
{w1,... pp,v1, ..., vq} determines a permutation of {0, ...,p+¢—1}, and those (p, ) are then
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called (p, q)-shuffles. Denote the sign of this permutation by sgn(u,v), which is calculated as
(B.1) sgn(p,v) = (_1)M1+(M2—1)+(u3—2)+~~~+(up—p+1)‘

The Dold-Kan construction makes the normalization into an equivalence of categories; see
for example [DI, [K], [G] section 2], or [GJ, chapter II1.2].

Theorem B.3 (Dold-Kan). Let AbA™ be the category of simplicial abelian groups and Ch~
the category of mon-positively graded cochain complexes. There is an adjoint pair of functors
N — DK, which is an equivalence, where N : Ab™” — Ch™ is the normalization, and DK :
Ch™ — AbA™.

The functor DK can be defined as follows. For a non-positively graded chain complex C*<Y €
Obj(Ch™) define DK (C*<Y) € AbA™ to be the simplicial abelian group, which in simplicial
degree k consists of the cochain maps from normalized cells of the standard simplex A* to
C*=Y, i.e., we set

(B.2) DK (C*=0),, := Ch™ (N(ZAF), C*=0).

The Dold-Kan functor DK : Ch~ — Ab2” can be composed with the forgetful map F :
AbA” — Set®” | which we denote by DK = F o DK : Ch™ — Set®™.
We will need to use functors between Ch, Ch~, and Ch™.

Definition B.4. The truncation functor ¢ is a functor ¢ : Ch — Ch™ defined by t(C*®) = C*=°.
The quotient functor ¢ is a functor ¢ : Ch — Ch™ defined by ¢(C*®) = C*/C*=°,

Definition B.5. There is an adjoint pair of functors
(B.3) T:Ch~ SCh":Q

To define T, let Z[v] be the cochain complex of polynomials in a formal variable v of degree
|v| = +2 with differential d = 0. For an object C' = C*<Y € Obj(Ch™), the tensor product

C ® Z[v] is a Z-graded cochain complex, and then T(C) € Ch™ is defined as the truncation of
C ® Z[v] to non-negative degrees,

T(0)*2° .= (C ® Z[v])*=".

Thus, elements of T(C*<?) in even degree 2k > 0 are polynomials cov® + c_ov*+1 4 ... and
elements in odd degree 2k+1 > 0 are polynomials c_1v* T +c_sv*+2 ... where each cj € CI.

To define Q, let Z[u] be the cochain complex of polynomials in a formal variable u of degree
|u| = —2 with differential d = 0. For an object C = C*2° € Obj(Ch™"), the tensor product
C ® Z[u] is a Z-graded cochain complex, and Q(C) € Ch™ is the quotient of C' ® Z[u] by all
the positively graded components of C ® Z[u],

Q(C)*=:= (C® Z[u])* /(C & Z[u])*>".

We sometimes abuse notation and simply write Q(C) = C[u]*<?. Thus, elements of Q(C*=?)
in even degree —2k < 0 are represented by polynomials cou® + couft! + ..., and elements in
odd degree —2k — 1 < 0 are polynomials c;u*! + c3u¥t2 4+ ..., where each cj € ¢,

APPENDIX C. SIMPLICIAL MODEL CATEGORIES

To take the totalization of a cosimplicial object, the category M is assumed to be a sim-
plicial model category. This means that M is a model category enriched over simplicial sets.
That is, given any two objects X,Y in M, there is a simplicial set, denoted Map(X,Y") with
Map(X,Y)y = M(X,Y), and a composition map Map(X,Y) x Map(Y,Z) — Map(X, Z),
satisfying the usual associativity axioms. Given X € M and a simplicial set K,, we also need
to define objects X ® K, and X®¢ in M, satisfying some compatibility relations with the
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model structure and with the enrichment over simplicial sets. The reader can find the axioms
in [H, chapter 9.1].

Example C.1 ([H], ex. 9.1.13). The category Set®” of simplicial sets is a simplicial model
category, with the following simplicial model category structure.

(1) f: Xe — Y, is a weak equivalence if the induced map on the geometric realization,
If] : | Xe| — |Ys|, is a quasi-isomorphism, i.e., it induces isomorphisms between the
homotopy groups of | Xe| and |Ys|,

(2) f: Xe — Y, is a fibration if it is a Kan fibration,

(3) f: Xe — Y, is a cofibration if it has the left lifting property with respect to trivial
fibrations,

(4) for simplicial sets X, and Y, let Map(X,,Y,) be the simplicial set whose n-simplices
are given by simplicial set maps X, x A} — Y,

(5) for a simplicial set X, and simplicial set K,, let X, ® K4 be the simplicial set Xq x K,

(6) for a simplicial set X, and simplicial set K, let X/ be the simplicial set Map(K,, X,).

Example C.2. The category Ab>" of simplicial abelian groups is a simplicial model category
with the following simplicial model category structure (cf. [GJ, Ch. III, Proposition 2.11]).

(1) f: Ae — B, is a weak equivalence if the induced map on geometric realization |f] :
|Ae| — |B.| is a quasi-isomorphism,

(2) f: Ae — B, is a fibration if it is a Kan fibration,

(3) f: Ae — B, is a cofibration if it has the left lifting property with respect to trivial
fibrations,

(4) for simplicial abelian groups A, and B, let Map(A,, Be) be the simplicial set whose
n-simplices are given by simplicial abelian group maps A, ®z ZA? — B,

(5) for a simplicial abelian group A, and simplicial set Ko, Ae ® K, is Ae ®7 ZK,, where
ZK, is the free simplicial abelian group on K,,

(6) for a simplicial abelian group A, and simplicial set K,, AXe is the simplicial set
Map(ZK,, A,) defined in (4), with the group structure inherited by the group structure
on A..

The Dold-Kan correspondence can be used to transfer the simplicial model category struc-
ture on AbA” to Ch~. To define the simplicial model category structure on Ch~, let Hom®*(C*®, D*®)
be the cochain complex of graded maps between cochain complexes C* and D®. An element
of degree n is a graded map f : C* — D*™" and d(f) = dpo f — (—1)"f odc is an element
in degree n + 1.

Example C.3. We use the following simplicial model category structure on Ch™:

1) f:C*® — D*® is a weak equivalence if f induces an isomorphism on cohomology,

2) f:C®* — D* is a fibration if it is a degree-wise surjection for n < 0,

3) f:C*®* — D* is a cofibration if it has the left lifting property for every trivial fibration,

4) for C* and D® in Ch™, let the n-simplices of the simplicial set Map(C®, D®) be
Map(C®,D*®),, :==Ch™ (C*® N(ZA™),D*),

(5) for C* in Ch™ and K a simplicial set, let C* ® K be the cochain complex C*® N(ZK),

(6) for C*in Ch~ and K asimplicial set, let (C*)¥ be the cochain complex q(Hom®(N(ZK), C*)),

where ¢ is the quotient functor from definition [B.4l

(
(
(
(

APPENDIX D. TOTALIZATION OF A COSIMPLICIAL OBJECT IN A SIMPLICIAL MODEL
CATEGORY

Definition D.1 ([H], Definition 18.6.3). Let X : A — C be a cosimplicial object in a simplicial
model category C, i.e., each X™ € Obj(C). (For example, this applies to C = Set®””, in which
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case X is a cosimplicial simplicial set.) Then, the totalization Tot(X) of X is defined as the
object in C, which is the equalizer of the maps

(D.1) 11 (Xf)Ni; T ™

[(]cObj(A) Y piln)—m]

Here, to a morphism p : [n] — [m], the map ¢ sends a factor of (X™)2" to the factor
((X™)A"), using the induced map (A®)(p) : A™ — A™. The map ¢ sends a factor of (X™)2"
to the factor ((X™)2"), using the induced map X(p) : X" — X™.

Furthermore, for a morphism F' of cosimplicial objects X and Y in C, i.e., a natural trans-
formation F' : X — Y, there is an induced map Tot(F) : Tot(X) — Tot(Y) defined
as follows. The natural transformation F : X — Y induces maps (X9 — (Y92 and
(X™)A" — (Y™)A"| which defines a diagram

é .
(D.2) Tot(X) - [[ 9= [ o™*
[(]cODbj(A) Y piln]—m]

Using the universal property of Tot(Y") then gives us a map Tot(F) : Tot(X) — Tot(Y).

We can also define an algebraic analogue of totalization for cosimplicial non-negatively
graded cochain complexes, called the total complex and denoted tot. Let K**® : A —
Ch*,[n] — K™*, be a cosimplicial non-negatively graded cochain complex. Then K**® can
be made into a bicomplex where the differential § : K** — K*T1* is defined by taking the
alternating sums of the maps induced by the coface maps [n] — [n + 1], and the differential
di : K** — K***t1 is given by the differentials d,, : K™* — K™**! of the cochain complexes.
We obtain an ordinary cochain complex in Ch™ in two ways. One way is by taking the total
complex of K**, by defining

(D.3) tot(K) := ) K™*[n],
n>0

where K™ *[n] denotes K™* shifted up by n, with differential d, applied to ¢ € tot(K) of degree
||, given by

(D.4) d(c) := dg(c) — (=)l 5(c).

The second way is by taking the following equalizer

(D.5) eq: [[Hom*(N(zAY), K"*) =[] Hom®(N(ZA™),K™*)
[4] [m]—[n]

with differential d((f; : N(ZA") — K%*);) = (di o fr — (=1)/| - fy 0 dyzacy)e. The following
lemma shows that the two cochain complexes are equal.

Lemma D.2. Let K**: A — Ch™ be a cosimplicial non-negatively graded cochain complex.
Then the total complex tot(K) from (D.3) is isomorphic to the equalizer from (D.5).

Proof. An element of degree k in [[, K“*[/] is a collection of elements c%F € K%k[0], ¢+t €
Kl,k—l[l] . Ck,O c Kk,O‘
An element of degree k in Hom®(N(ZA"), K%*) is a collection of maps

Y N@zAYy - K5
mLoN@AY - KUR
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RN @ZAY -, - KO

An element of degree k in the product [[; Hom®*(N (ZA®), K%*) is then a collection of these

maps over all [£], f" . N(ZAY)_y — K%*=*. To be in the equalizer, the maps {2} must fit
in commutative diagrams

fk:,i
N(ZAm)_Z m Km,k—z
l fhi l
N(ZA™)_; s KM

for every map map [m] — [n]. The maps { ff *} in the equalizer then are determined by

0,k 1,k—1 _ k0
0 N(@ZA) g — KOF, f5 70 i N(ZAY) oy — KWL f70 N(ZAR) = K0,
Using the Hom-Tensor adjunction, we can identify f; K with cih—i ¢ K BR=if]. O
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